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ADVERTISEMENT. 



Thb subjects handled in this volume are doubtless of the utmos 
[ value to every practical mechanic, and indeed to every perso 
who forms a due estimate of the importance of science, or wh 
duly feels the pleasure arising from tl^e acquirement of kno^ 
ledge. 

The editor thinks it right t6 state, that he has inserted 
considerable number of original problems, and worked thei 
all out at full length ; a method which is highly convenient t 
tutors, and which affords great assistance to those who undei 
take the meritorious labour of self-instruction. 

It is recommended that some of the problems in this wor 
be omitted by the junior pupils ; especially those problems whic 
relate to the surfaces and solidities of elliptic and circuli 
spindles : for instance. Problem XXIV. to Problem XXVII 
inclusive ; ;|ho Problems XXXIL, XXXIII. Solids of thes 
kinds are seldom met with ; the solutions of Problems relatin 
to them are very intricate, and the rides extremely burdenson 
to the memory. 

Wakefield, 1835. 
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MENSURATION OF SUPERFICIES. 



PROBLEM I. 

RULE I. 

Ebc. 5. Whatistheareaof a square whose side is 17' 625 chains. 

17-626 
17-625 



88125 
35250 
. 105750 
123375 
17625 

10)310-640625 sq. chains. 

31*0640625 sq. acres. 
4 



-2562500 
40 

10-2500000 



Ans. 31 sq. ocrci, roods, \^ ip^^*« 

A 



'■^ ' 2 y« OF SUPERFICIES. 



6. What is the area of a square whose side is 35*25 cl 

35,25 
35*25 



17625 
7050 
17625 
10575 



10)124-25625 sq. chains, 

124-25625''sq. acres. 
4 



102500 roods. 
40 



100000 



Ans. 124 9g. acres t 1 rood, 1 pc 



7. What is the area of a rectangle whose length is 14 
6 inches, and breadth 4 feet 9 inches? 



feet. 

14 

4 


ineket, 
6 

9 




58 
10 



10 


6 


68 


10 


6 



AnM. 6B /eet, \Q paTt%» ^ Vm 













By DecimaU. 


feet. 


inchet* 


14 


6 


rr 14*5 feet. 


4 


9 


= 4-75 feet. 

725 

1015 




• 


580 




68-875 






12 




• 






10-600 






19 






6-000 



Ans. 6^/eet, 10 parts, 6 inches, as before. 



,equired the area of a rhombus, the length of whose side 
4 feet, and height 9*16 feet? 

13*94 
916 



7344 
1924 
11016 

119*1184 
19 

14908 
19 

5-0496 



-4iw- llS/cet. \ pcwrt, ^ wc>«* 



OF SUPERFICIES. 



9. Required the area of a rhomboid whose length is 
chains, and breadth 4*28 chains. 

10-51 
4'd8 



8408 
2109 
4304 



10)44-9828 sq. chains. 

4-4C828 acres. * 
4 



• 1*99312 roods. 
40 



39-72480 perches. 



Am* 4 acres y 1 rood^ 39 ;i4 



10. What is the area of a rhomboid whose length is 
9 inches, and height 3 feet 6 inches? 

« 

By Duodecimals, 

feet, inches, 
7 9 

3 6 



23 


3 




3 


10 


6 


27 


1 


6 



* - . • 

i. 

^na. 5i1/eet,\paTt, < 



OF SUPERFICIES. 

By Decimals. 
7-75 
3-5 



3875 
2325 

27125 

•12 

1-500 
12 

6 000 
Ans. 27 feet, 1 part, 6 inches, as before. 



L 11. To find the area of a rectangular board, whose length 
k 12^ feet, and breadth 9 inches? 

feet, inches, 

12 6 
9 



y 



Ans. % feet, 4i parts, 6 inches. 



By Fractions, 
12i = V feet. 

9 inches, = J feet. 
*. area required = ^ X f = V = 9f sq. feet, as before. 



12. What is the area of a rectangular court yard, whose 
iength i»'4&^ feet, and breadth 1S| feet? 

46i = If » feet. 
I 15f = ^1 feet. 



OP SUPBRFICISS. 



13. Determine the number of square yards in a rho 
whose length is 37 feet, and breadth 5 feet 9 inches. 



feei. 

37 
5 


inches, 


3 




185 
9 



3 




)194 


3 




21 


5 


3 



« 

Ans, 31 8q, yards, 5 feet, 3 parts; or 21 
"^eet, 36 sq, inches. 



8*1 . yards 



RULE II. 



Ex. 2. Required the area of a rhombus, a side of w 
12*5 chains, and the acute angle contained by two ac 
sides 30°. 

12-5 
12-5 



625 
1500 

2)156-25 

Area =r 78.125 sq. chains. 

Kote — Since the nat. sine 30^ = ^ when radius = unity ; therel 
the product of two adjacent sides is equal to the continued produc 
two sides ilnd th^ fraction ^. 

Z. Find the area of a rhomboia, two of who^e ad^aceti 
are 26'35 aad 10'4 chains^ and their mcVuded «xi^^ ^^' 



OF 8UPBRFICIE8. 

9 

25-35 
10-4 



10140 
2535 



263*640 

•866 = nat. sin. 6T to rad. 1. 



1581840 
158184 
210912 

10)228 312240 sq. chains. 

22*831224 sq. acres. 
4 



3*324896 roods. 
40 



•12*^995840 



Ans. 22 acresy 3 roods, 13 poles, nearly. 

Find the same as in the last problem when the included 
is 45^ 

25-35 X 10*4 =r 263-64 

•7071 := nat. sin, 45'. 



26364 
184548 
184548 

10) 186^41 9844 sq. chainst 

18*6419844 sq. acres. 
4 

2*5679876 sq. roods. 
40 



%■ 



22-7175040 sq. ijo\^%. 

jlM.\^ acres, % roods, 'K^ V^ 



8 OF SUPERFICIES. 

PROBLEM II. 

Ex. 2. What is the area of a triangle whose base is 1 1 
10 inches, and perpendicular altitude 9 feet 2 inches ? 

By Duodecimals, 
feet. inches, 

11 10 

9 2 



106 
1 


6 
11 


8 


2)108 


5 


8 


54 


2 


10 



^ns. h^tfeetf 2 parts, 10 in 



By Decimals. 

11 feet 10 inches = 11-8333 
9 feet 2 inches = 9*1666 



709998 
709998 
709998 
118333 
1064997^ 

2)108-47112778 

54-23556389 
J2 

2-82676668 

9-921^0016 



.^ns 54t/eet, 2 parts, 10 iiwlws, N«t^ ^ 



OF SUPEEFICIESi. 



What is the area of a triangle whose base is 10 feet 5 
', and height 7 feet 4 inches? 



feet. 

10 

7 


inclies* 
5 

4* . 




72 
3 


11 
5 


8 


2)76 


4 


8 


38 


2 


4 



j4ns. 38 sq. feet, 2 parts, 4 inches. 

A^hat is the area of a triangle whose base is 15 '75 feet, 
ight 14-5 feet? 

15-75 
14-5 



7875 
6300 
1575 

2)228-375 

1141875 
12 

2-2500 
12 



3-0000 



Ans, Hit feet, 2 parts, 3 inches. 

equired the area of a triangle YrYvo6e.\iia^\«> \*i:^ ^«s»&> 
tade 6,4 cbeuns, 

A 2 

J 



10 OF SUPERFICIES. 

cJuiins, 

12-6 
6-4 



504 
756 



2)80-64 



j4ns* == 40.32 sq. chains., 

6. There is a triangle whose base is 18^ yards in le 
and its perpendicular altitude 15^ yards ; required its are 

18i = 18-5 yards. 
15i = 15-25 yards. 

7625 
12200 
1525 



2)282125 
Ans. = 141-0625 sq. yards. 

7. Find the area of a triangle, .two of whose sides are 3C 
40 yards, and their included angle 30* 

30 
40 



1200 

•5 == nat. sin. 30*, 



2)600-0 



Area ^300 sq. yards. Ans. 

id the area of a triangle, two oi ^wV^^^^^^^ 
^ds, and the included angle 60^. 



OF SUPKRFIClElS. 1] 



45 

37 



315 
135 



1665 

•866 = nat. sine 60\ 



9990 
9990 
13320 

9)1441-890 
Area == 720*945 sq. yards. Ans. 



. Find the same as in the last problem, when the included 
e is 45'. 

45 

37 



315 
135 



1665 
•7071 == nat sine 45*. 



* 11655 



1665 
11655 



2)1177-3215 



Area = 588*66075 sq. yards. Ans. 



TROBLEM III. 
x. 3. Required the area of a right-atigleA tnaa^^, ^^^ 
tbenaae is 50, and fbe other tivo sides SO Wi^L ^0- 



12 OF 8UPERPICIB8. 

In this example there is no necessity for employing the rule 
usually adopted when three sides are given to find the area, 
because the triangle is a right-angled one; consequently its 

area = base x ^-^ = x — =: 600, the answer required. 

4. Determine the area of an equilateral triangle one of whose 
sides is 25. 

Perimeter = 75 
J Perimeter = 37*5 
and ^ Perimeter — one sidei = 12*5 

consequently the area = (37*5 X 12*5 X 12*5 X 12''5)i =r 



V37-5 X (12-5^ = V732421875 = 270*632, the answer 
required. 

5. Required the area of an isosceles triangle whose base is 
20, and each of its equal sides ^5. 

20 1st remainder = 5 

15 2d do. =10 

15 3d do. =10 

perimeter =50 

i perimeter =: 25 

.-. area = V25 X 6 X 10 X 10 = V 12500 = 111-803, 
as required. 

6. Required the area of a triangle wbose three sides are SO, 
30, and 40 chains. •^ 

20 l Perimeter. = 45 

30 1st Remainder. = 25 

^ 4.0 2d do. = 15 

■— 3d do. = 6 

Perimeter = 90 

= V45 X 25 X 15 X 5 = 75 -s/Ti =^-^n^ X 1^ 
5 sq. chains = 39j04i75 a^. «^Gt«» = '*^ acr«%»^ 
^o/es, very nearly. 



OF 8UPBRFICIES. 1 

7. How many acres are there in a triangle whose three sid< 
are 49, 50*25, and 25*69 chains ? 

50* 25 i perimeter = 62'47 

49* ^ 1st remainder = 12*22 

25-69 . 2d do. = 13*47 

Sd do. = 36*78 

perimeter =: 124*94 

.-. area = (62*47 X 12*22 X 13*47 X 36*78)^ = 

Va 78200*44235844 = 614*98 sq. chains = 61*498 acres, tl; 
answer required. 



8. .Determine the number of acres contained in a trianguh 
field whose sides are 320, 180, and 160 yards. 

320 i perimeter — 330 

180 1st remainder = 10 

160 2d do. = 150 

3d do. = 170 

perimeter = 660 

,-. area = V330 X 10x160x170 = 100 V33xl5xl7 = 
91 73*33 sq. yards. Now 4840 sq. yards = 1 acre. 
.-. 9173-33 divided by 4840 = 1-895 acres = 1 acre, 3 rood 
23 poles. 



9. There is a triangular cornfield whose three sides ai 
1 50, 200, and 250 yards respectively ; determine the numb< 
of acres contained in the field, and the expense of reaping tl: 
com at 98, 6d. per acre. 

250 i perimeter - 300 

200 1st remainder = 50 

150 2d do. =100 

. 3d do. =;: 150 



perimeter =: 600 



h 

f 



I 

.MUiea = V5Wx50xl00X 150 = 100 *J^>c.bV.\^'>^^^ 
lOOOVlS X 15 =r 15000 sq. yardai Yj\dxai\ieai^ ^vq\ei« 
4640 giyea 30991 7 acres. 



ol^ sormmwictma. 



3*09917 
9 



27-89253 
ed.'isi 1-54958 



39-44311 
12 

5-305*32 
4 

1-22128 



Expense of reaping =1/. 9«. S^d. neai 

PROBLEM IV. 

2x. 3. The base of a right-angled triangle is 76, and 
pendicular 38 : what is t^e hypothenuse? 

base == 76 
.\ (baseV = 76* = 5776 
(perp)* = 38* = 1444 

(base)" + (perp-)* = 7220 === (hypoth.)* 

7226)84-97 =± hypoth. Ans. 
64 



164) 


820 
656 


1689) 16400 
15201 


16987) 


119900 
118909 



991 



OF StJPER^IClfiS. 

4. The hypothenose of a right-angled triangle is 109^ ai 
the perpendicular 60: what is the hase? 

(hypoth.y == 109> = 11 881 

(perp.)* = 60*= 3600 

(hypoth.)*— (perp.)" = 8281 

8281(91 =i base, the answer. 
81 



181) 181 
181 



5. The height of a tower^ standing close by the edge of 
ditch, is 54 feet, and the breadth of the ditch is 47 feet ; n 
quired the length of a. string that will reach from the top i 
the tower to the farther side of the ditch, 

(height)* = 54* = 2916 

(breadth)* = 47^ = 2209 

^ (height)* + (breadth)" =5125 

5125(71*58 feet = length requiredy 
49 



141) 225 
14-1 



1425) 840O 
7125 



14308)127500 
114464 



13036 



6. The height of a precipice, standrng do^e\i^ ^^ ^^^^ ^ 

river, is 103 feet, and a line of 320 feet vnS\. xewiViiom^^' 

clit to the oppomte bank; required tiie "bxeaAxXi o1 ^^ "^vs 



16 



OF SUPERFICIES. 

(height)* = 103* = 10609 
(hypoth.)*= 320* = 102400 

(hypoth.)*— (height)* =z= 91791 

91791(302-97 feet. Ans. 
9 



602) 1791 
1204 



6049) 58700 
54441 



60587) 425900 
■ 424109 



1791 



7. Suppose a slack rope has its extremities fastened to the 
tops of two perpendicular poles whose altitudes are 25 and 
15 feet, and distance 9 yards. Then if a mountebank walk- 
ing on the rope, breaks it, and fieJls 1 1 feet, find the length 
of the rope ; supposing the mountebank to fall on the ground 
at a distance of 4 yards from the shorter pole. 

Let A B c be the position of the rope ; and b the place from 
which the mountebank fell. Draw b k perpendicular to d f, 
and through b draw p b q parallel to d f. 




hy supposition b e = 11 feet; •' . li ^ ^ 11 feet, and 
feef. Also Q F = 11 feet ; tlderdoxe c ^^ T=i \\ VwSu 
= 4 yards = 12 feet, con^(\aeii\\^ u ^ •=. \^ ^wft 



OF SUPERFICIES. 



Now A b=: Va pg + PB^ =V 4^ H- iag =Vl60=12'649 feet 
and c B=Vc q^ + Qb»=V 14^ + 15*=V42 1=20-518 feet 
.'. A B 4- c B =12-649 + 20-618 =33* 167 feet, the whole 
length of the rope. 

PROBLEM V. 

RULE I. 

Ex. 2. Required the area of a trapezium who8e''diagonal i 
70*5 feet, and the two perpendiculars 26*5 and 802 feet. 

c 



7> 

A B = 70*5 ; c p = 26*5 



D Q =30.2 

56 '7 sum of the perp. 
70-5 
56.7 



4935 
4230 
3525 

2)3997.35 
Jns. l99S'67Ssq.feet. 



Otherwise, 
A B = 70.5 
i c p = 13-25 



6625 
92750 



\ A B X icF =: ^34-125 = area oi l\ie liVwi^e ^^ 



18 



Also 

i 


OF 

A B 
DQ 


SUPSBFICnS. 

= 70-5 
=;15-1 




755 
10570 



.'. A B X i D Q == 1064*55 =:± area of the triangle ▲ bd. 
Hence 934*125 x 1064*55 = 1998*675 sq.feet, as before. 

3. What is the area of a trapezium whose diagonal is 106 
feet 6 inches, and the perpendiculars 56 feet 3 inches, and 
60 feet 9 inches respectively ? 

Sum of the two perpendiculars = 1170 

108*5 



7595 
1085 
1085 

2)12694-5. 



6347-25 sq. feetJ 
144 



36- 
Ans. 6347 sq./eety 36 8j. inckei. 

4* How many square feet are there in a trapezium whose 
diagonal is 64 ^et, and the two perpendiculars 28 and 32 
feet? 

Sum of the two perpendiculars ;= 60 

64 



2)3840 



Ans, = 1920 sq^feet, 

5. How many acres are there in a ^e\d. Vn Vk^ ^v^ of a 
trapezium, whose diagonal is 4*75 c\i^&> mA^^Xi^q^^- 
'9 Jet fall upon it 3*6 and ^'^5 c\mmq&'^ 
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Sum of the two perpendiculars = 5*85 
» diagonal = 4*75 

2925 
4095 
S240 



10)27*7875 sq. chains. 

2) 2-77876 

1-38937 

4 * 



1-55748 
40 

22-29920 
t 



Ans. 1 acre, 1 rood, 22 perehe 



6* How many acres are there in a trapezium, one of whot 
diagonals is 9 chains, and the two perpendiculars let fall upc 
it, 4' 5 and 3*25 chains respectively ? 

Sum of the two perpendiculars =7*75 

diagonal = 9 



10)69-75 



2) 6-975 



3-4875 

4 

1-9500 
40 

38-0000 



Ans. 3 acres, \ rood,'^^ "^ 
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PROBLEM VI. 

£z. 3. The parallel sides of a trapezoid are 12*41 an 
chains; also the perpendiccdar distance = 5*15 chain 
quired its area. 

12.41 
8-22 



Sum of parallel sides =: 20*63 

5-15 



10315 
8063 
10315 

2)106-2445 

10)53-12226 

5-312225 
4 

1-248900 
40 



9-956000 



Ans. 5 acres, 1 rood, 9 p 

3. Required the area of a trapezoid whose parallel sic 
25 feet 6 inches, and 1 8 feet 9 inches : also the perpe 

lar distance is 10 feet 5 inches. 

feet, inches, 
25 6 
18 9 



Sum of parallel sides = 44 3 




10 5 




442 6 




10 5 


3 


2)460 11 


3 


330 5 


7 



Ans. 230 «q./cet. 5 parts.T s« 
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4. Required the area of a trapezoid whose parallel sides are 
10|- and 12\ feet, and the perpendicular distance lOf feet. 

10^ = 10-5 
12J = 12-25 



Sum of parallel sides =r 22*75 

1 Of = 10*75 = perp. distance. 



I. 

I 11375 



15925 



k 
I 

• 2275 



2)244*5626 



Area = 12228125 sq.feet. Ans. 



5. Required the area of a trapezoid whose two parallel sides 
are 75 and 122 Unks, ai^ the perpendicular distance 154 links, 

75 
122 



Sum of parallel sides =197 

154 = perp. distance. 

788 
985 
197 



2)30338 



Area = 15169 sq, links. Ans. 



PROBLEM VIL 

Ex. 9« Beguired the area of a hexagon vAio^e cfA<& v& W^ 
yfeefe and perpendicular 12*64 feet. 
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OD^ side = 14'6 

6 =: no. of sides. 



87-6 
IS'64 

7584 
8848 
10118 

2)1107-264 

Area = 553-632 sq./eet^ Ana. 

3. Required the area of a heptagon whose side is ] 
and perpendicnlar from the centre = 28. 

one side = 19*38 

7 = no. of sides. 



135*66 . 
28 

108528 
27132 

2)3798-48 

1899*24 = area required. 

4. Required the area of an octagon whose side is 8' 
perpendicular 12. 

8-9 
8 = no. of sides. 



71-2 
12 

2)854*4 

Area i=. 427*2 as required* 
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5. Required the area of a nonagon, one of whose sides := 8 
it, and the perpendicular from tibe centre = 10*99 feet* 

one side = 8 feet. 

9 = no. of sides. 

78 
10-99 



2198 
7693 

6)791-28 

Area = 395*64 sq.feet. Ans, 



PROBLEM VIII. 



Ex. 2. The side of a regular liexagon is 4 feet 6 inches; 

lat is its area ? 

feet, 

4-51 

4-5' 



235 
180 

SO'95 



2-598076 i "^* °^ a h«agon, a side of 
20-25 ^ which IS =1. 



20-25 

12990380 
5196152 
5196152 

59'6llOZ9QO ^nfl. 
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3. find the area of a regular octagon, one of w] 
15 feet. 

15 
15 



75 

15 



S25 



4-828427— ' ^^ °^ ^ ^^^ 



;={ 



ggc I of which is 



24142135 
9656854 
9656854 



Area 1086-396073 sq.feet. Ans. 



4. Required the area of a regular decagon, on< 
sides is = 20*5 yards. 

20-5 
20-5 



1025 



42(5-25 



7-694208 =/^^^°^t.^f?^ 
420-24 *< °^ ^^^^^ ^^ 



38471040 
15388416 
15388416 
30776832 

iirea 3233'4909U00 sq. i^ards. Aiu. 
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Find the area of a regular nonagon, one of whose sides 
et. 

8 

8 

64 

6-181824 = /^^^* ""} a nonagon, a side 
fi4 V. °^ which IS = 1 . 



24727296 
37090944 



395-636736 sq.feet. Ans. 



Find the area of a regular dodecagon, one of whose sides 
;et. 

6 

6 

36 

11 • 1 <)6l 52 = f^^^ °^^ dodecagon, a side 
o^^ \ of which is ^ 1 . 



67176912 
33588456 



403-061472 sq.feet. Ans. 



PROBLEM IX. 

2. Find the area of the annexed figure, in which the 
I dimensions have teen taken as followa: 
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AE = 6'4 yards. i ab • fj: = 4*8 

fj: = 15 J AE • By = 7'36 

By=2'3 JBE-D5r=7*14 

BE =51 iCD'BW=6'93 



CD = 6*3 2623 sq. yds. = areaoftiie 

Bm= 2'2 figure A BCDEi. 



3. Since similar rectilineal figures are to one another as te 
squares of their homologous sides, therefore the.area of figureii 
Example 1. is to area of figure in this Example : : 1 : (J)':: 
4:1; hence the area of figure in this Example = ^ of area ii 
Example 1 = i X 521-526 = 130381 = answer required. 



4. In this case sa = 12*5 feet. 

E« =r 16* 



.*. BE = 28*5 = base of triangle a b 
Aa= 10- 



2)285 



142*5 = area of -^ a b c. 

^ . Bc X cc = 28* = area of -^ c b c. 

^ . DC? X EC? = 21' = area of Z^ d d e. 

d c 
(cc + Drf) X -;t- = 116-25 = area of c c rf d. 

307*75 = area of figure a b c d i. 



5. Find the area of an irregular hexagonal figure a b cdbFi 
supposing the following dimensions to be given : viz. am 
4 yards, m¥ z= 6 yards, E» = 6h yards, ah = 5 yards, ad 
14 yards, ao; = 10 yards, a6 = 6*5 yards, b6 = 7 yardB, 
jiTc = 6i yards. 



i 
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4 Am * mF = 12* = area of triangle Amv, 
1+ E») • -g- =: 3r25 = area of trapezium FmitE. 

i D» • ;iB = 16*25 = area of triangle diib. 

i A^ • b6 = 22'75 = area of triangle a5b. 

bx 
+ ^^) ' "o" = 24*0625 = area of trapezium bJo^c. 

ijDx • sec = 13*50 = area of triangle dxc, 

1 1 9*8125 = area of figure a b c d e f. 



PROBLEM X. 

RULB I. 



Sx. 3. The length of an irregular figure is 125 yards, and 
breadths at 15 equi-distant places are 5*2, 4*6, 7*2, 8*3, 
, 8*1, 7-3, 7-9, 6-6, 7*2, 7*3, 84, 74, 6*5, 5-8; what is its 



1? 



n of the measured breadths = 107*2 

15). 



7*1466 
125 

357330 
142932 
71466 



Area = 893*3250 sq, yards. 



RULE I. 



Ex. 2. The length of an irregular figure is a^ -^w^^a** «xs.Wl^ 
»dih8 in £re egui-distant places are 4"S, o*^, V\, 1'^, «sA. 
; what 18 its area ? 
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4'8+7-2 = 12 = sum of extre 
, .•• 6 = i sum of extreme b: 

5-2 
4-1 
7-3 



4)22.6 



5*65 = mean breadth. 
39 



5085 
1695 



Area =r 220*35 sq. yards. 

3. The length of an irregular figure is 50 ya] 
breadths at seven equi-distant places are 5*5, 6*2, 
7', and 8*6; what is its area? 

5'5 -|-8*6 = 14*1 sum of extrer 
.'. 7*05 = i sum of extreme bread thi 

6-2 

8*7 

6- 

7-5 

7- 



6)41-05 



6-8416 
50 



Area = 342-0800 sq, yards, 

4. The solution is given in the Mensuration. 

6. Find the area of an irregular figure, like that 

supposing A B = 52 and a d = 23 yards, and that 

six perpendicvlBx breadths of the curvilinear space 

Awa DC, viz. IV5, 10-2, 8*3, 9-S, \0\, «ii^ \^^ 
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11-5 
12-6 



2)24* 1 = sum of extreme breadths. 

|12*05 = J sum of extreme breadths. 
10-2 

8-3 

9-8 
10-1 

5)50-45 



3)10*09 = mean breadth in feet. 

3*3633 = mean breadth in yards. 
52 



67266 
168165 



174*8916 = area of curvilinear space. 
1 1 96 * = area of the rectangle d b . 

Area = 1370*8916 sq, yards. 



PROBLEM XL 

Vhe diameter of a circle being given, to find the circumference; 
the circumference being given, to find the diameter, 

RULE I. 

2x. 3. If the circumference of a circle be 48 feet, what is 
length of its diameter } 
As 22 : 7 : : 48 

7 



22)336 



15^ feet = the d\aiftalet,Tk^^x\^ 
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4. If the diameter of a circle be 15 feet, what is the 
of its circumference ? 

As 7 : 33:: 15 
22 



30 
30 

7)330 



A7^feet = the circumference, i 



RULB II. 

Ex. 3. The diameter of a circle is 7 yards, what is tht 
of its circumference ? 

3-1416 
7 



Circumference = 2 T 99 1 2 yards. 



4. The circumference of a circle is 50 feet, what is th 
of the diameter ? 

3-1416)50000000(l5-916, &c,=d 
31416 



185840 
157080 

287600 

282744 



48560 
31416 

171440 
157080 

^ ■ 
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f the diameter of a circle be 34 feet, what is the length 
circumference ? 

31416 
34 



125664 
94248 



rcumference = 106' 8 144 feet, 

: the circumference of a circle be 177 yards, what is the 
of the diameter? 

3-1416)177.00000(56-34 yards =: the diameter. 
157080 



199200 
188496 

107040 
94248 



127920 
125664 



2256 

the circumference of the earth be supposed equal to 
niles, what is the earth's diameter ? 
3-1416)250000000(7957-72, &c. 
2J9912 

300880 
282744 



181360 
157080 

242800 
219912 



228880 
219912 

89680 
628B2 

S6848 
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If 25000 be divided by 3-1415, the quotient is 796' 
now the circumference of a circle to diameter 1 is eqi 
3-14159265, &c. which is less than 3*1416, but greater 
3-1415 ; hence the nearest integer which expresses the e 
diameter is 7958 miles ; the circumference being suppos 
25000 miles. 

PROBLEM XII. 
To find the length of any circular arc. 

RULE I. 

Ex. 3. The chord of an arc is 36-75, and the chord o; 
the arc 23*2 ; what is the length of the arc? 

23-2 = chord i arc. 
8 



185-6 
36*75 =r chord of whole a 



3)148-85 
Length required == 49-616, &c. 



4. The chord of the whole arc is 1 6, and the chord o 
the arc 9*5 ; what is the length of the arc ? 

9*5 = chord of 4 arc. 

8 



76-0 
16 



3)60- 
Length required = 20* 

5. The chord of the whole arc ib A^» «cA>(5si^ ^^x^ 
the arc 24' 6 ; what is the length, ol luhft wcl 



• 
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24*5 = chord of i arc. 
8 



* 196-0 
40- 



3 )156 
Ans, = 52 = length of arc as required. 

"he chord of the whole arc is 7 feet, and the chord of 
e arc 4 feet ; what is the length of the arc ? 

4 = chord of i arc. 

8 

32 

7 = chofd of whole arc. 

3)25 



Length required = 8' SSS f eet, 

RULE II. 

2. Required the length of an arc of 55° 30' ; the dia- 
of the circle heing 25 feet. 

55° 30'== 55-5 

12*5 = radius; 



2775 
1110 
555 

693-75 
•0174533 

208125 
208125 
346875 
277500 - 
485625 
69375 

gth ofarcB: 18'1 08226875 /eet> 

b2 



Z4 or Fmzncna. 

3. R&qnired the knctzi cs ui uc cf 57** IT M^" ; 
meter of tbt crcGt beiiiff 5C» f eCL 

6,0/44" 5 



6.0 > 17-741 6 



57'2S56? deCTTet- 
25 =~ 



2Se47S45 

1143913$ 

1432-39225 
•0174533 

429717675 
429717675 
716196125 
572956900 
1002674575 
143239225 

24-999971656925 = 25 feet, very near 
radios of the dn 

4. Required the length of an arc of 45" 30' 30''' 
dius of the circle being 20 feet. 

45« 30' 30" = 45-5083 

20 = radius. 



9101660 
-0174533 

2730^980 
2730498 
4550830 
3640664 
6371162 
910166 



Length = 15885 VOO^^'i^Q.M - 
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35 



RULE III. 

J. 2. The chord of the whole arc a c b is 48^ feet, and 
eight c D is 18^ : find the length of the arc. 

• C 



^ 


"^. 


■^ 


D 


^ 


O 


\ 


* 
« 



A D B =1 48*5 
.*. A D = 24-25 



-nee a c = (a d^ + d c')i = V (24-25)« + (18-25)2 

== (5880625 + 333-0625)i 

= (921-125)4 = 30-35 feet. 

Hence 30-35 = chord of ^ the arc a c b.* 

8 



242-80 

48-5 

3)194-3 . 

Length of arc = 64-767 feet, nearly. 

The chord of the whole arc is 7 feet, and the versed sine, 
titude c D ==: 2 ; find the length of the arc. 
Here a d = 3-5 feet. 
D c = 2 feet. 
, d2 + DC*)4 — (12-25 + 4)i = (16-25> = 4-031=: AC. 

Hence 4-031* = chord of ^ arc a c b. 
8 



o 



32*248 
7 

)25-248 



Length = : 8*416 feet. 

* Sea Rule I. in tids Pi^\etl\» 
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4. The chord of the whole arc is 40, and the altitude c i 
15 ; what is the length of the arc ? 

AD = 20 
DC = 15 • 

••• (a d2 + D c«)i = (625)i =r 25 = A c = chord of half the t 

25 
8 

200 
40 



3)160 



Length = 53*33, &c. 



5. The chord of the whole arc is 20*386, and the hei 
c D = 4 ; what is the length of the arc ? 

Here a d = 10'193 

/. A c = (a D* H- D €*/ = (103-897249 + 16)4 = 
(119-897249)i = 10*949. 

10*949 = chord of i the arc. 
8 



87*592 
20*386 

3)67*206 



Length required =; 22*402 as required. 



PROBLEM XIII. 
To find the area of a circle whose diameter is given. 

RULE I. 

"Tiat ia the area of a c\rc\e ^\ko«fe ^vwn^t^t S& 1 
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a 

'7854 

49 =r 7* = (diameter)* 



70686 
31416 



38*4846 area required. 



Required the area of a circle whose radius is 3*25. 

•7854 

20-25 = (4-5)2 _ (diameter)^ 

39270 
15708 
15708 



15-904350 = area required. 



How many square yards are there in a circle whose dia- 
• is 3*5 feet? • 

•7854 

12-25 = (3-5)2 _, (diameter)^ 



39270 
15708 
15708 
7854 



9)9-621150 sq. feet. 



Area = 1*069016 sq. yards. 



Uoyt many square yards are cont^axie^ \xi ^ ca^'fc ^^^ 
eriaSO'Sfeet? 
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•7854 
930*25 = (30-5)2 = (diameter) 



39270 
15708 
23562. 
70686 



9)730-618350 sq. feet. 
Area = 81 179816 sq. yards. 



6. Determine the radius of a circular field containing 
acre of meadow. 

Now one acre contains 4840 sq. yards. 
Let -A. rr diameter of the required circle, in yards. 
Then -7854 X ^* = 4840. 
and Z\2 = .f||o = 6162-4649. 

.•. ^ =V6162-4649 = ^-5 = 78i yards, nearly ; 
Consequently radius required = 29^ yards, neai 

7. Determine the radius of a circle whose area is equal 
one rood. 

In this case -7854 x ^' = 1210, being J of 4840 
.-. 22^«= .i|io = 1540616 

.-. ^ = Vl540-616= 39-26 = 39 J yardi 
Hence the radius required = 1 9|^ yards 

8. Find the radius of a circle whose area is equal to that 
a square whose side is 22 yards. 

22 
22 

44 
44 
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Also, if /^ = the required diameter of the circle, 
•7854 X ^^ = area o^ the circle = 484 by supposition 
.-. Z:^.* = .T%% = 616-2465, nearly ; 
.•. Ziw = 24*824 yards = the diameter ; 

.*. radius = 12 '4 12 yards, nearly. 

RULE II. 

To find the area of a circle whose circumference is given, 

Ex. 2. Find the area of a circle whose circumference is 
feet. 

22 • 

22 

44 
44 



484 
•07958 

31836 
63664 
31832 

Area required = 3851672 sq.feet, 

3. Required the area of a circle whose circumference is £ 

9-6 
9-5 



475 
855 

90-25 
•07958 

72200 
45125 
81225 
63175 



Area required = 7-1820950 



40 OP 8UPERFICIB8. 

4. How many square feet are there in a circle whose < 
cumference is 20* 1 yards ? 

20-1 
201 

20- 1 
402 



40401 
•07958 

.323208 
202005 
363609 
282807 

32-1511 158 sq, yards. 
9 



289-3600422 sq. feet. 



5. Find the area of a circle whose circumference is one fu 
long. 

8)1760 yards = 1 mUe. 

220 yards == one furlong. 
220 



4400 
44 



48400 == (circumf.y 
'07958 



31832 
63664 
31832 



hJ J=r 3851-672 sq. yardx. 
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6. Determine the number of acres in a circle whose circum- 
ference is one mile. 

1760 yards = one mile. 
1760 



105600 
1232 
176 



3097600 = (circuinference)^ 
•07958 '' 



24780800 
154880 
278784 
216832 



4840)246507-00800 sq. yards. 



50*9312 acres. 
4 



3'7248 roods. 
40 



28-9920 



Ans, 50 acres, 3 roods, 29 poles, nearly. 



PROBLEM XIV- 

To find the area of a circular ring, or the space included 
between the circumferences of two concentric circles. 



RULE I. 

Ex. 2. The diameters of two concentric c\tc\e% ^^ \^ wft. 
1 ; what is the area of the ring . contamed \i^\.'^^^\!L^€\t ^\s.- 
iiwfereDces ? 
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10 
10 



100 

7854 



78*54 = area of smaller circle, 

15 
15 

75 
15 

225 

•7854 

39270 
15708 
15708 



Area of larger circle — 176*7150 

78-54 



Area required = 98*175 



3. Required the area of the ring, the diameters of w! 
bounding circles are 9 and 5 inches. 



I 

\ 



5 
5 



25 

7854 



39270 
15708 

19-6350 





' 
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9 
9 








81 
•7854 




of largei 
Area re 


' circle 
quired 


7854 
62832 


a 


= 63-6174 
19-6350 




= 43-9824 



The t-wo diameters are 21*25 feet and 9 '76 feet'; requi 
area of the ring. 

9-75 
9-75 



4875 
6825 

8775 

95-0625 
•7854 

3802500 
4753125 
7605000 
6654375 

74-66208750 
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21-25 
21-25 



10625 
4250 
2125 
4250 

451-5625 
-7854 

18062500 
22578125 
36125000 
31609375 

Area of larger circle = 354-65718750 

74-66208750 



Area required = 279*9951 . 



6. The diameters of two concentric circles are 15 and 
feet ; required the area of the ring. 

15 
15 

75 
15 

225 

•7854 



39270 
15708 
15708 

176-7150 
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16 
16 



96 
16 



256 

•7854 



47124 
39270 
15708 



Area of larger circle = 201*0624 

176-715 



24*3474 = area of the ring. 



RULE II. 



Ex. 2. The diameters of two concentric circles are 5 and 5*5 
feet ; find the area of the ring. 

Sum of diameters =10*5 
• Difference of do. = 5 



52-5 

•7854 

39270 
15708 
39270 

Area = 4*123350 sq.feet. 



3. The diameters of two concentric rings are 6*5 and 4*9 
feet respectiv^j; &ad the area of the ring. 



46 



ov srpxmnciEs. 



Sam of diameters = 11 '4 
Difierence of do. = 1*6 



6S4 
lU 

18-34 
•7854 



7296 
9130 
14593 
13768 

Area reqaired ^ 14*335696 sq,feet. 



PROBLEM XV. 
To find the cwea of a sector of a circle, 

RULE I. 

Ex. 2. The chord of an arc is 88 feet, the chord of half 
arc is 16 feet ; what is the area of the sector ? 
Here ab=28 .*. ad=14 
and Ac=16 
8 

128=8, chord \ arc. 
38 



3)100 



2) 33-33 




16*67=-J- length of arc a c b. 

Now cd=(ca2— AD2)2=(i62_i42)i=(256_ 9e)h=^\ 

=z 7-746. But E c . c D = c a2, .-. E c X 7-746 = 256 i 
* ^ *= T-iU = 33-05, nearly ; .-. radius C = 16-52. K 
the area of the sector is equal to the x^idixxft in\]i\i^l\&dbY i 
Jfi ' arcBs 16-52 X 1667 = ^^&•a^^^ sq.fcct- 
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3. Required the area of a sector of a circle, whose radius is 
^5, and the length of the arc 2 I'd. 

2)21-5 



10*75 = i length of the arc. 
25 = radius 



5375 

2150 



268*75 = area of sector. 



4. What is the area of a sector whose radius is 10 feet, the 
chord of the whole arc 18*372, and the chord of half the arc 
n feet? 

' chord of i- arc =11 

8 

88* 
chord of whole arc == 18*372 



3)69*628 



lengthof arc = 23*209 

2) 



11*6045 
10 



Area of sector = 116*045 



5. Find the area of the sector whose radius is 9, and the 
chord of whose arc is 6. 

A D = 3 
A o = 9 
.-. o D = (a o*— a j>^)h = (81— 9)i = (72)i = 8*485. 
Hence c d = 9 — 8*485 = '515. 

Also A c = (a D*-f D c*)i = (9 + '265a^5> - ^,^'^^^^^^> •= 
9'M4, nearfy. 
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3*044 := chord of J the arc. 
8 



24-352 
6 

3)18-352. 



6-117 = length of the arc a c b. 
4-5 



30585 
24468 



Area of sector = 27*5265, nearly. 

6. The chord of the whole arc is 1 6, and its height 6 ; wb 
is the area of the sector ? 

AD = 8 
DC = 6 

.-. AC = (a D2H-DC2)i=: (64+36)4= H 

Hence 10 = chord of ^ the arc. 
8 

80 = 8 times chord of |- arc 
16 = chord of whole arc. 

3)64 



21-333 =. length of arc, nearly. 



Now bcXcd = ca2 
i.e. EC X 6 = 100 
.•.Bc= ^^= 16-66 = the diameter, 
and radius z= 8*333 
Now the i rad. x length of the arc = the area. 

.*. 4-166 X 21-^33 = 88-873278 = the area, nearlj 

7. Find the area of a sector "NlcLO&e height ia 4« and the n 
dias of the circle 8 feet. 
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Here c d := 4 

Also A D = (a o^— d o*)i = (64— 16)^— (48> = 6-928. 
.*. chord of whole arc =: 13'866. 

Also Q c . D = c A*, or 16 X 4 = c a' .*. c a = 8 = 
chord of i the arc. 

8 

8 

64 = chord J arc. 

13*856 = chord of whole arc. 



3)50- 144 



16*714 = length of the arc, nearly. 
4 = -J- radius. 

66*856 z= area of sector. 



^ 



RULE II. 

Ex. 2. Fmd the area of a sector, the arc of which contains 
()•, and the length of the diameter 3 feet. 

•7854 = area of a circle to diameter 1. 



I 



! 7*0686 = area of whole circle to diameter 3 feet. 

Hence 360* : 30° : ; 70686 : area required. 
i or 12 : 1 : : 7*0686 : area required. 
J 7'0f?Rfi 

.*. area required = — 7^ — = '58905, sq.feet, 

3. Determine the area of a sector whose arc contains 147* 
I', and the length of its radius 25 feet. 

•7854 == area of a circle to diameter 1. 
, 2500 = (diameter^ 

3927000 
15708 



1963-5000 == area o{ "vAiol^ c»i^^. 
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Hence 360® : : 147® 29' : : 19635 : area required, 
or 21600' : 8849' : : 1963-5 : area required. 
• 8849 



176715 
78540 
157080 
157080 

21600)17375Oll-5(8O4-3986 = area n 
172800 



950J1 
86400 

86115 
64800 

213150 
194400 

187500 
172800 



147000 
129600 

17400 



4. Find the area of a quadrant ^hose radius = 91 i 

•7854 = area of circle to dia 
1764 = 42^ = (diameter) 



31416 
47124 
54978 
7854 



1 385-4456 = ^ea of whole cin 

Hence 360® : 90® : : 13854456 : area required. 
, 4 : 1 : : 1385*4456 : area Tec\u\red. 

. •. area required = i X W^5-4^^^=^A6-^^\^ 
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Required the area of the sector whose arc contains 17* 
d the diameter 19 feet. 

•7854 = area of a circle to diameter 1. 
361 = 19«= (diameter)* 

7854 
47124 
83562 



883*5294 = area of whole circle. 
2 360* : 17^*25 : : 283*5294 : area required. 

17*25 



14176470 
6670588 

19847058 

2835294 



360)4890-882l50(13-585, &c. sq.feet. 
360 

1290 
1080 



2108 
1800 

3088 
2880 

2082 
1800 



282 



PROBLEM XVI. 
To find the area of a segment of a circle. 

RULB I. 

t. What is the area of the segment of acirc\e'?7\io^^^- 
( 18 feet long; the arc of the segment conttkan^ ^^""1 
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•7854 = area of a O to dian 
324 = 18* = (diameter)* 



31416 
15708 
23562 



'4)254-4696 = area of whole circl 

63*6174 = area of the sector. 

Also the area of the rectilineal triangle :=^ = 40*5 

/. 63-61 74 — 40-5 = 23-1174 i 

4. Required the area of a segment whose height is 
chord 20. 

AD= 10 

.-. AC=(100+4)i=(104)|i=10-198 chord of j th( 

10-198 
8 



81-584 =8 chord J arc. 
20" = chord of whole ar 



3)61-584 



20528 nearly = length" of tl 
Again qc X 2 = 104 .-. qc = 52 == the diameter. 
Length of arc = 20-628 
i radius ^ 13 



61584 
20528 



•Area of sector =266-864 
Area of A a o b = 240* 



Area of segment = 26-864 

5. Required the area of a aegmeiit. Nvho^e radios ia ! 
' "d ofhait the arc 102 



OF SUPBRFICIBS. '53 

QCXCD:=CA^ 

. ^^ ca2 10404 01^^.. 
.'. CD = — = = 2*1675 

Qc 48 

HenceoD^oc — cd=; 91*8325 
Also ad=(ac2— cii*)i= 9-967. 
10-2 
8 



81 '6 =8 times chord of i arc. 
19*934 = chord of whole arc. 



3)61-666 



20-555 = length of arc. 
12 ==4 radius, 

246*660 = area of sector a o b. 
21 7*6045 == area of A a d b o. 



29*0555 = area of segment. 

. Required the area of a segment of a circle whose chord 
2, and the radius of the circle 10. 

Atf=6 
AO=10 

.-. o D = (a o*— a D^)h = (100— 36)i = (64)4 = 8. 
and CO = 2. 
ikewise q c • c d = c a* 
i.e. 302<^2=CA* 

c A=V40= 6-324 = chord of i the arc. 

8 



50*592 = 8 times chord of ^ arc. 
12- == chord of whole arc. 



3)38*592 



12*864 = length of the arc. 
5 = ^ radius. 

64*320 = area of sector. 
48' = area of A a c b. 

J6'3:ii = area of segment a c b d il. 
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7. Determine the area of the segment of i9» circle who 
dius = 32 feet ; the arc of the segment being supposed ti 
tain 120®. 

3*1416 = area of a circle to radiiu 

1024 = 32* = (radius)' 
125664 
62832 
31416 

321 6-9984 = area of whole circle. 
Now 360® : 120° : : 3216*9984 : area of sector, 
or 3 : 1 : : 3216*9984 : area of sector. 
.*. area of sector = 1072*3328. _ 

Now the chord of 120°=2 sin. 60°=2 rad. — -32^*=^ 

.*. o D = (o A«— A D«)i = |32*— (27*712)«ii = 1 102^ 
767*954944|i = (256*045056)i = 16, nearly. Henc 
o D = 27-712 X 16 = 443*392 = area of rectilineal t 

A o B. 

1072*3328 = area of sector a o 
443*392 = area of ^ A OB. 
628*9408 =area of seg. 



RULE II. 

Ex. 3. Find the area of a circular segment, whose 
sine is 2 ipches, and the diameter of the circle 52. 

Here ^% = '038 ^ the tabular ver. sin. 
Tabular area to *038 = '009763 

-039 = -010148 

Difference = '000385 

6 



13) 002310 
Part corresp. to ^^ = -0001 78 
Tab. area to -038 = -009763 

Tab. area to -038 ^ = -009941 

2704 = 52* 

• 39764 
69587 

Area required = 26'8B0464 s^. incli«s. 



OF SUPERFICIES. 5; 

4. The yersed sine is 5, and the diameter 35, find the are 
of the segment* 

HereA = |=:-2. 
Now tabular area corresp. to '2 ^ '11 1823 

625 = 252 



559115 
223646 
670938 

Area required^= 69889375 

5. "What is the area of the segment whose height is 3 fee 
and the diameter of the circle 8 feet ? 

Here f = '375 
Tabular area to -375. =: -269013 

64 = 8^ 

1076052 
1614078 



Area required = 17-216832 

6. The height or versed sine of a segment is 9 inches, an 
the diameter 3^ feet, find the area. 

S^feet = 38 inches. 
Also ^ = -236 if 
Now Tabular area to -236 =: -141537 
Do. to -237 =-142387 

•000850 
16 



5100 
850 

19)013600 

Part corresp. to if = -000716 

Tab. area corresp. to -236 = ' 141537 

Tab. area corresp. to -236 ^ = -142252 

1444 = 38^ 
569008 
669008 
569008 

Area required = ^05- ^W^^"^ H- Vi^^lwe* 
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PROBLEM XVII. 



To find the area of a circular zone, or of the apace il. 
between any two parallel chords, and their intercepted arc$, 

Ex. 2. The two parallel chords of a circular zone are 16 
and 12, and then- perpendicular distance is 2 ; find the area of 
the zone. 

Here a b=16, dc=12, pq=2. 

.-. by substitution GH=|4+200+14*|i=r:(400)i=30=tlK 
diameter of the circle. 

^ «"=*"-* {(^")'1(t^)-K 

= 10 — 1 114* + 14*}i = 10 — i V392 = -1, very nearly. 

Hence ^ = '005 = tabular versed sine. 
Now tabular area corresp. to -005 = -000470 

400 = 20* 



188000 
8 



Areas of the two circular segments = '376000 

PQ 

(d c + A b) • -— = quad, ^g, abcd = 28* 



.'. area of the zone AB/>CDmA = 28*376 



3. The two parallel sides of a circular zone are 96 and (X), 
and the breadth 26 ; what is the area of the zone ? 

Now O H= I P Q»+K^ B«+D C»)+ ( ^47q^' ) * } ' 

HereAB=96, C D=60, p ^=26. 
.-. by sabatitution, Q B = {2b*-^6^B-V^^*Vp=^^2KMSyi« 
jry* iiameter of the circle. 
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5*+54'}i =50 — 1^ yaOOO « 50—47-43 = 2'57 
•025^017 ^ tabular area. 

lar area to -025 == -006230 
•026 005546 



•000316 
7 

100)002212 

•000022 
•005230 



'005252 
10000 = 100 



52-52 
2 



e two segments := 105-04 
lad. A B c D = 2028- 



ne ABpCDwiA = 2133-04 



' the square root of 9000 be taken one decimal place farthei*! 
. the tabular area = '00543B| and the area of the zone =. 2136'7) 
msuratlon. 



le two parallel chords of a circular zone are 20 and 
eir perpendicular distance 17*5 ; what is the area of 



i 



= {pQ'+i(AB'+DC«)+(i^^) } 

= 20, D c = 15, and p Q = IT 'S. 
? circle. 
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Alsom« = |oH-|J (^-^— ) «+ (_^__) 

12'5 — |Kl7-5)« + 6-25|=i 12-5 — iV318-6 =18 
of 17-68 = 3-66. 

Hence %« = -1461 = tabular area. 
Now tabular area to -146 = '071033 
Do. to -147 = -071741 



Difference = -000708 

2 



5)-001416 

Part corresp. to f = 000283 
Tab. area to -146 = '071033 



Tab. area corresp. to -146| = -071316 

625 = 25' 



356580 
142632 

427896 

44-572500 
2 

Area of the two segments = 89*1 45000 
Area of the quad, abco = 306*25 



Area required =: 395-395 



6. Find the area of a circular zone each of whose j 
chords is 40 feet ; the breadth of the zone being 36 feet 

OH = |pQ«+i<*B'+I.C')+ {^^=^) Y 

Here a b = c d = 40, and p Q = 36. 
.-. gH= |36'+ 1600^^ :=V^^—&S'Sl = the dia 
Also mn = i o « -^\ X Nf40* = ^^'^ — ^^ = ^'^ 
ren. due. Also xf^ = 'l^i^iTi^^^cVy. . 



OP SUPERFICIES* 

Now tabular area to '128 = *058658 
Do. to -129 =» -059327 



59 



Difference = -000669 

4) 

•000167 
•058658 



Tab. area corresp. to 128J » -068825 

2896 5= (diameter)' 

352950 
529425 

470600 
117650 

u ■■ ■ 

170-3572 
2 

340-7144 = area of two segments. 
1440* == area of quad, a b c d. 

1780*7144 =B area required. 



^ 6. Determine the area of a circular zone, one side of which 
gf^)>l»8es through the centre of the circle, and i^ 30 feet in length; 
b^;the lesser side being 16 feet. 

1^ In this case, since one of the sides passes through the centre, 
^itiiis side will be the diameter of the circumscribing circle =■ 30 

'■ ^•„.-j„-i((ii±if)M.(i^)y 

Also p Q *« (15*— 8*)i = V V^V = \Sl-^^. 
Heac9 'Ij' s '062^ = tabular ^er«e^«ai^. 

r 



€0 or SUPEBFKUS. 

Tabular area COTresp. to -063 — -090196 
Do. to -063 = -020680 



Difierence = -000484- 

6) 

-000080 
•0-20196 



Tab. area corresp. to -062^ =» -090276 

900 



18-2484 
2 



Area of the two segments = 36*4968 
Area of the quadrilateral =291*64 

Area of the zone = 338-1368 



PROBLEM XVIIL 

* To find the area of a lune, or of the space included hetwet 
intersecting arcs of two eccentric circles. 

Ex. 2. If the length of the chord a b be 9 feet, an 
height of the segments 4 and 2 feet respectively, determi 
area of the lone. 

Let A = diameter of the circle abb. 
d ^ diameter of the circle a c b. 

Then A B D = E i^+ D A*! j.^^ijj B g p^ g Cor. 

Hence A X 3 = 2^ + (4'5)2 =» 94*35 .-. A = 12*12 

Also 3 X 4= 42 4- (4*5)2 = 36*25 .*. d = 906 

4 

. = '4411 nearly. 

90625 * ^ 



12-135 
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Tab. area corresp. to '441^ = -334167 

82-128 = (9 0625)* nearly. 






2673336 
668334 
334167 
668334 
2673336 



Area of segment a c b = 27*444467376 
Tab. area^o -165 = -084801 

146-9 = (12125)2 nearly. 

763209 
508806 
339204 
84801 



Area of segment aeb = 12*4572669 
Area of segment a cb == 27*4446737 



Area of lane a cbea = 14*9874068 



3. The cbord is 20, and the heights of the segments 10 and 
S : required the area of the lune. 

Here A • ed = ed^+da* 

3 • CD = CD^+DA^ 

But ED = 2, CD = 10, and d a =: 10 ; .'.by substitution, 
2 A = 104. and A = 52. 
i Also 10 a = 200; .*. 3 = 20. 

bikewise -^ = '038^^ = tab. vers, to segment aeb. 
■ind "JJ =3 'o = tab, vers, to segment a c b, which is a semicircle. 
f Now tab. area corresp. to -038^ = -009940 

2704 = 52* 



39760 
69580 
19880 

Area of segment a b b = 26*877760 
milarlj, area of segment a cb = 157*079600 
Area oflaneASBC = J 30*201840 



63 OF SUPERFICIES. 

4. The len^h of the chord is 48, and the heights of the M|^ 
merits 18 and 7 : what is the area of the lune ? 

Here A.bd = ed' + da' 

or 7 A = 49 + 576 = 635 
.-. A = **f* =: 89-285 
Also 18 d = 18" + 24' = 900 
.-.'a =50 

Now ^^.fry = '078327^ nearly == tab. vers, to segment a b 1. 
^ =: '36 = tab. vers, to segment A c b. 
Now Tab. area corresp. to '36 =: *254550 

2500 = 50' 

127275 
50910 



. Area of segment a c b = 636*375000 
Similarly, Area of segment A b b =: 227*77 

.*. Area of the lune a b b c := 408*605 



5. The length of the chord is l5, and the heights of the sef* 
ments 7 and 4 1 what is j;he area of the lune ? 

Here A-bd=:bd* + da' 

d.CD= CD^ + DA* 

That is, 4A =. 16 + (7*5)' = 72*25 
and 7a = 49 + (7*5)' = 105*25 

Hence A =18*06 = diameter of circle A E b. 
and a 3=15*03 = diameter of circle A C B. 

=: '221i 2±= Tabular vets, to se^c^oX kik^,TA»f^, 
'"^d^ ss Tabolax vers, to sefSinsiit k q -ft^iinHdci, 
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fab. area corr. to '465 = -357727 
Ditto •4.66 =» -358725 



•000998 
2 

3)001996 

-000665 
•357737 



lar area corr. to -4.651 = -358392 

225-9 = (diameter)* nearly 

3225528 
1791960 
716784 
716784 



a of segment a c b = 80*9607528 
»rder to find the area of segment a b b, we have 
:ab. area corr. to -221 = '128942 
Ditto -222 =» -129773 



•000831 

2) 

•000415 
•128942 



ar area corr. to -221| »= -129357 

326- 16 = (diameter)* nearly. 

776142 
129357 
776142 
258714 
388071 



Df segment a E b =» 421%107912 

80-96075^8 



( of June ABBCsss 38*76967368 
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6* If the )Sength of a chord be 8|- inches, and the hei( 
versed sines' of two circular segments be 5^ and 3^ ind 
spectively ; determine the area of the lune. 
Here a. b d =r e d* -f n a* 

3. C D =: C D* -f D A* 

That is, 3-5 A = (3-5)* + (4*25 V = 30-3125 
and 3-6 d = (5-5)' + (4-25)* = 48-3125 
• .-. A = 8*66 nearly; and d = 8'784, nearly. 
Now, since the greater diameter = 8*784, and tiie 
of its segment =5*5, which is greater than radius ; th 
the area of the segment is greater than that of a sem: 
and is really equal to the area of the circle, whose diam 
8*784, minus the area of a segment whose versed sine is 

3*284 

3*284 
Now p^ = -3731- nearly. 

Now Tab. area corr. to -373 == -267078 
Ditto corr. to -374 =: -268045 



8). 



•000967 
7 

•006769 

•000846 
•267078 



Tab. area corr. to -3731 = '267924 

77*158 =: (8*784)* nea 

2143392 
1339620 
267924 
1875468 
1 875468 



Area of the segment ^ ^Q.^y^^^ggg^ 
whose vers, is 3 '284 J 
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'o find the area of the lesser segment abb. 
we have f!^ = •404|- nearly. 
Now tabular area to "404 = '297298 
Do. to -405 = -298273 



•000981 

8) 

•0001 22 
•297292 



Tabiriar area to '4Mi = -297414 

75 = (8-66)* nearly. 

1487070 
2081898 



Area of segment a e b = 22*306050 

Area of segment a c b = 39-927413 

, 

Area of lune a E b c == 17'621363 sq. inches. 



THE CONIC SECTIONS. 



PROBLEM II. 

In an ellipsis, any three of the four following quantities being 
' fen ; viz, the transverse and conjugate diameters, an ordinate 
its ctbsdssa, to find the fourth, 

iCasb I. — When the transverse, conjugate, and abscissa are 
1, to find the ordinate. 

Ex. 2. Given the transverse A b = 35, the conjugate c D = 
], and the abscissa a n =: 28 ; to find the ordinate. 
t The transverse = 35 

I One abscissa =28 

gM .•, the other abscissa = 7 •, Yi^iiR^Vj ^jJcl^tv^^ 

f 35 : 25 :^: V28 X 7 : OT^VnaX^ 

^ or 7 : 5 :: 14 : ordinate ^ ^ = 10, «a T^o^vce.^- 
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3. Given the transverse diameter a b ^ 45, the oonjugie 
c D = 25 ; and the greater abscissa = 30 : find the ordinite. 
Transverse = 45 

Greater abscissa = 30 
Lesser abscissa = 15 ; hence hj the role. 
45 : 25 : : V30xl5 : ordinate 
Or 9 : 5 : : 21-213 : ordinate =ii^;Afi.K = 11-785 ■ 

required. 

Case II. — Having given the transverse, conjugatef and onf^ 
nate, to determine the abscissa. 

Ex. 2. The major and minor axes being 35 and 25, irU 
are the abscissae, when the ordinate is 10'? 
As 25 : 35 : : (12-5* — 10*)^ : dist. between ord, and centre. 
Or 25 : 35 : : 65 : distance o n = 10'5 

But A o = 17*5 = semitransv. 
.*. A0 + 0N=28=: greater abscissa. 
Also Ao — 0Nr= 7= lesser abscissa. 

3. The major and minor axes being 36 and 24, what tf 
the abscissae, when the ordinate is 8 ? 

24 : 36 : : (12* — 8*)i ; dist. between ord. and oenta 

2 : 3 : : V80 : dist. between^ord. and centit 

.*. distance between ord. and centre =6 V5 

semi-transverse =18 

.". 18 + 6V5 = 6{3 +V5}= greater abscissa. 

18 — 6 Vs = 6| 3 — V5 1 =:lesser abscissa. 

Case III. — Having given the conjugate, ordinate, and otete 
to find the transverse, 

Ex. 2. The conjugate diameter is 25, the ordinate is 10 
and the lesser abscissa is 7 ; what is the length of the tntf 
verse diameter? 

Semi- conjugate = 12*5 
12-5 + (12-5*— 10*> = 12-5 +7'5=20 
Then as 10* : 25 X 7 : : 20 : transverse diameter. 

.*. transverse = 35 as required. 

"*. Tlie conjugate is 30, t\ie ot^iittX.^*\%^, w\^^^^«tt»^ 
18 12: find the tfaxiBvetfte ^»JBftftV«« 
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Semi-conjugate = 15 

Hence 15 + (15'— 9«)' = 15 + 12 = 27 

Then as 9* : 30x 12 : : 27 : transverse diameter. 

Or 9 : 360 : : 3 : transverse diameter. 

.*. the transverse = 120 as required. 

Cask IV. — Having given the transverse, ordinate, and ab- 
scissa, to find the conjugate, 

Cx. 3. The transverse diameter is 35, the ordinate 10, and 
the lesser ahscissa = 7 ; find the conjugate. 

Transverse = 35 
Liesser ahscissa = 7 ; .*. greater abscissa = 28 

.-. V28x7 : 10 : : 35 : conjugate 
Or 14 : 10 : : 35 : conjugate 
.'. conjugate = ^^ = 25. 
3. The transverse diameter is 48, the ordinate 16, and its 
lesser abscissa 12 ; find the conjugate. 

The transverse = 48 
Lesser abscissa = 1 2 
.*. Greater abscissa = 36 . 
Hence V36x 12 : 16 : : 48 : conjugate 
Or 12 V3 : 16 : : 48 : conjugate 

64 

.•. conjugate = /^ 

PROBLEM III. 

To find the circumference of an ellipse, the transverse and 
pH^ugate diameters being known. ' , 

I Ex. S. The transverse and conjugate are 24 and 20 respec- 

ry ; fijid the periphery or circumference of the ellipse. 
f 24**4-20* 1 A 

Here, | — | ^ = V488 =. 22-09 nearly. 

22-09 
3-1416 






282744 
62832 
62832 



69'397044 jzr circunoiference oi t\ve e\\\^^^. 
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3. The two axes of an ellipse are 25 and 1 5 ; whs 
length of the circamference ? 



r?5»+l5Mi r—^ 

-j -—^ 1^ *= V425 = 20-61 



20-61 
31416 

31416 
188496 
68833 

64*748376 = circumference of the 
PROBLEM IV. 

To determine the area of an ellipse, the transverse q 
jugate diameters being given* 

£x. 2. If the axes of an ellipse be 35 and 25, what 
area? 

35 
25 



175 
70 

875 
•7854 

39270 
54978 
62832 

687-225 = area. 
3. Required the area of an ellipsis whose two "axes 
and 50. 

70 

50 

3500 

.7854 






area of the eDipse = ^I^^^vjkm 
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Tie major axis of the ellipse in Grosvenor square is 840 
uid the minor axis 612 links, required the number of 
vhich the inclosure contains. 

613 
840 ^ 



24480 
4896 

514080 
•7854 



2056320 
257040 
411264 
359856 



10000)403758-4320 sq. links 
10)40-3768432 sq. chains 



4*03758432 acres 
4 



•15033728 roods 
40 



601349120 perches. 

Answer — 4 acres, roods, 6 perches. 

PROBLEM V. 

ind the area of an elliptic segment, whose hose is parallel 
?r axis of the ellipse, 

2. What is the area of an elliptic segment cut off by a 
! ordinate parallel to the conjugate axis, at the distance 
Tom the centre, the axes being 120 and 40? 

distance of the base of the segment from the vertex = 
S=:24. 

.% j^ =r j^ = '2 = the tabiiiax "vet^^ wsofc. 



1 
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Now tabular area to -2 = '11 1823 

120 



13*418760 
40 



Area required =" 536-750400 



3. Determine the area of an elliptic segment whose a! 
is 8 inches ; the two axes of the ellipse being 4 feet and 
also the chord of the segment being supposed parallel 
major axis. 

Here ^ir = f = •222f = tabular versed sine. 
Now tabular area to '222 = -129773 
Do. to -223 = -130605 



•000832 
2 

9)-001664 



•000185 nearly. 
•129773 



Tabular area to -222 f = -129958 

48 = major axis. 

1039664 
519832 



6-237984 

36 = minor axis. 



37427904 
18713952 



Area >= 224-56745^^ «c^/m<cXi«&, 
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4. What is the area of a segment, cut o£F by an ordinate 
Mrallel to the transverse diameter, whose height is 10, the axes 
mng 35 and 35. 

•J-^ ^ f = '4 == tabular versed sine. 
ffow, tah. area answering to *4 = '293369 

35 



1466845 
880107 

10-267915 
25 

51339575 
20535830 



Area required = 256697875 



PROBLEM VII. 

In a parabola, any three of the four following quantities being 
ty viz. any two ordinates and their two abscissa, to find the 
th. 

Ex. 2. The ordinate o h is 8, and its abscissa a h is 16 ; 
the abscissa a n, who^ ordinate e n is 6. 

As A H : o h' : : abscissa required a N : £ n^ 
or 16 : 64 : : abs. req. : 36. 

.'. Abscissa required = 9, 

3. The ordinate s n is 8, and its abscissa a n is 10, find the 
ite G H, whose abscissa a h is 22. 

10 : 8* : : 22 : (ord. req.)* __ 

.-. Ordinate required = 8 • (ff)i = 8VV- 

PROBLEM VIII. 

find the length of any arc of a parabola, cut off ly a double 

ordinate, 

BiX. 8* The abscissa a h being equal to 3, and its ordinate 
t equal to 4J^; what is the length, of the arc q a. k^ 
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' (4'5y 4. ^ X 3* = 32-36 (6-678 

25 2 



106) 725 11*856 = arc o a k nearly. 
636 



1127) 890Q 
7889 



11348)101100 
90784 



10316 



3. The abscissa a h being equal to 8, and the ordinal 
of the same length ; what is the length of the arc oak) 

8* + I X 8* = 64 + 85-333 = 149 3383, &c. 

149-3333 (12-22 
1 2 



22) 49 24-44 = arc o A k, nearly. 
44 



242) 533 
484 



2442) 4933 

4884 



49 



4. If the abscissa a h = 8|- inches, the ordinate g h = 
inches ; determine the length of the arc o a k. 

(¥)' + i (¥)* =* 45-56^5 + ^^-^^^^ « V41-895 
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i4i-8958 (11-91 
1 2 



21) 41 23-82 = arc G A K, nearly. 

21 



229)2089 
2061 



2381) 2858 
2381 



477 



PROBLEM IX. 

d the area of a parabola, its base or double ordinate and 

altitude being given. 

2. The abscissa a n = 12, and the doable ordmate or 
9 ; what is the area ? 

39 

12 



468 
2 



3)936 



312 <= area of the parabola. 



iiVhat is the area of a parabola, whose abscissa a h is 10, 
dinate o h = 8 ? 

16 
10 



160 
2 

3)320 



106| = «r«^ ol^^^^fwc^^^' 
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4. Find the area of a parabola ^hose abscissa a h is 
and ordinate o h 6*75. 

Doable ordinate = 13.50 

11-25 



56250 
3375 
1125 

151-8750 
2 

3)303-7500 

101-25 ^areaofthepa 



PROBLEM X. 

To find the area of the frustum of a parabola: 

Ex. 2. The greater end of a parabolic ft-ustum is ! 
lesser end 20, and their distance 6 : what is the area ? 

253—203 = 7626 
25*— 20*= 225 
••-S^2¥ = 33'888 

4 = I of altitude. 

135-552 ^ area required. 

3. Required the area of a parabolic frustum, the grea 
of which is 10, and the lesser 6 ; their distance being 9 

103—63= 784 
10*— 6*= 64 

nnH 7 84 19 6 

ana ^5-^ — ^fs 
Hence ^V X f X 9 = W X ^ = ^f ^ = 

4. Find the area of the frustum of a parabola, the tv 
being 9 and 15, and their distance 8 inches. 

1 53— 93 = 2646 
15*— 9*= 144 
a»d \^« = ^'^ 
^ence^'^ X V = ^1^ = 9ft ftc^.YSi^Vift*= thearet 
i/c frustum as required. 
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PROBLEM XII. 

In an hyperbola, any three of the four following quantities 
ng given, viz, the transverse and conjugate diameters, an or- 
late and its abscissa, to find the fourth. 

Case I. — Having given the transverse and conjugate diameters, 
i the two abscissae, to find the ordinate, 

Elx. 2. If the transverse diameter be 24, the conjugate 16, 
1 the lesser abscissa 8 ; what is the ordinate ? 

As 24 : 16 : : (8 X 32)i : ordinate ; 
or 3 : 2 : : 1 6 : ordinate ; 

.•. ordinate required = ^^^ ^ lOf . 

3.^The transverse diameter or major axis of an hyperbola is 
, the conjugate or minor axis 40, and the greater abscissa 
; required the ordinate. 

64 — 50 = 14 =: lesser abscissa. 
.-. 50 : 40 : : (64 X 14)i : ordinate. ♦ 

or, 5 : 4 : : 8 Vl4 : ordinate ; 
.-. ordinate ^ ^^ VI 4. 

4. The transverse diameter of an hyperbola is 45, the con- 
^te 15, and the lesser abscissa 4 ; required the ordinate. 

45 + 4 = 49 z= greater abscissa. 
Hence 45 : 15 : : (4 X 49)i : ordinate ; 
or, 3 : 1 : : 14 : ordinate ; 
.*. ordinate = y= = 4*666. 

Case II. — Having given the major and minor axes, and an 
iinate, to determine the abscissas. 

Ex. 2, The transverse and conjugate diam^Vet^* «x^ ^^^ «sA 
; required the two abscissae to the oTdm^te \^. 
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(ordinate)* =196 

(semi minor)* ^ *^ 

.. 784 + 441 1825. 
.•. sum of these = = 

4 4 

Hence 21 : 24 : : (^y ^)h - distance between ord. and centit 
or 7 : 8 : : ^^ : distance between ord. and centre. 
this distance = ^^ = 20. 

Hence 20 + 1 2 =: 32 = greater absdsBa. 
20 — 12 = 8 = lesser abscissa. 

3. The transverse being 60, and the conjugate 36; reqidr 
the two abscissae to the ordinate 24. 

(semi-conj.)* = 18* = 324 
(ordinate)* = 24* = 576 
Sum of these r= 900 
whose square root = 30 
Hence 36 : 60 : : 30 : ^§f^=..50=dist. between ord. and cent 
.'. 50 + 30 =r 80 = greater absciBsa. 
50 — 30 =20 ^ lesser abscissa. 

4. The transverse diameter being 50, the conjugate 30, a 
the ordinate 6, find the two abscisssa. 

(semi conjugate)* = 15? = 225 
(ordinate)* = 6* = 36 

Sum of these = 261 

whose square root ^ V 261 =: 3V29. 
Hence 30 : 50 : : 3 V29 : dist. betw. ord. and centre; 
or 3 : 5 : : 3 V29 : dist. betw. ord. and centre. 
This distance ^ 5 V29 

Hence 5V?9"+ 25 = 5 | V29 + 5j= greater absciss 
and 5V29 — 25 =: 5 JV29 = 5|= lesser abscissa 

Case III. — Having given the major axis, the two abteisi 
and the ordinate, to determine the minor axis. 

Ex, 2, The transverse diameter is ^4, t\ie ordinate 16. i 
^4f *^*^^^ abscissa 32 ; detenmne \ke coxkyo^^X.^. 
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32 — 24 = 8 = lesser abscissa. 
Hence (8 X 32)i : 16 : : 24 : conjugate, 
or 16 : 16 : : 24 : conjugate. 
.*. conjugate axis = 24, which also = transverse. 

3. The transverse diameter is 60, the ordinate 15, and the 
nbscissse 80 and 20 ; determine the conjugate. 

80 — 60 = 20 = lesser abscissa. 
.-. (80 X 20)i : 15 : : 60 : conjugate. 

or 40 : 15 : : 60 : conjugate. 
.-. conjugate = ^-£ = 22 J. 

4. The transverse diameter is 24, the ordinate 5, and the 
nbscissse 30 and 6 ; determine the conjugate. 

As (30 X 6)h : 5 : : 24 : conjugate. 
or 6V5 : 5 : : 24 : conjugate. 
.*. conjugate = 4 V5. 

Case IV. — Having given the minor axis, the ordinate ^ and the 
two abscissa, to find the major axis. 

Ex. 2. The conjugate diameter =16, the ordinate == 10|, 
and the greater abscissa =32; find the value of the transverse 
diameter. 

semi conj. =: 8 
ordinate ^ ^-^ 

.-. (82+(V)'> = (^^> = V 
Hence i5^8 = 15ll?l = l^ 

3 3 3 

.-. (V)2 : 32 X 16 : : V • ™ajor axis, 
or ^^ : 16 : : ^ : major axis. 
.*. major axis = 24. 

3. The conjugate diameter is 4 V5^ the lesser abscissa 6, 
«nd its ordinate 5 ; required the transverse. 

semi conj. = 2 V5 
ordinate = 5 
.-. r5f+20> = (45> 

.-. 2V5 + 3 V5 = 5n5. 
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Hence 5* : 6 X 4 V5 : : 5 Vs : major axis. 

6x4-5« „. 
.'. major axis = — r^ — = 84. 



4. Required the transverse diameter of the hyperbola who 
conjugate is 36, the lesser abscissa being 20, and ordinate 8^ 

semi conj. = 18 

ordinate = 34 

.-. (18» + 84»)i = (900)i= 30 

therefore 30 + 1 8 =. 48 

Consequently 24' : 20 + 36 : : 48 : tranaverse ; 

.'. transverse = 60. 



5. Determine the transverse diameter of an hjrperbola whi 
conjugate is 24, the ordinate being 8, and the greater i 
scissa 36. 

semi conj. := 12 
ordinate = 8 

(12*+ 80^ = (144 +64)j = V508 
V208 — 12 = the difference. 
Then as 8* : 36 X 24 ; ; V208— 12 : major axis ; 
or 8 : 108 : : V208 — 12 : major axis, 
•. major axis = V | V208— 12} = 64 Vl3— 168 = 32-67 



PROBLEM XIII. 

To find the length of any arc of an hyperbola^ reckomng/ren 

the vertex^ 

Ex, S. The tranBvei&e ^ametex oi «xi VyMs^cjicSai ^ I 
-conjugate 72, the oidinate 4ft, «eA Vba iSuvsoHn. ^a- 
the length of the curve. 
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Six 72* =: 108864 
19 X \2(f = 273600 



19fl» + 21 &•= 382464 

40 



15298560 
15 «tf' = 9331200 



24629760 
Also 21 X 72* = 108864 
9 X 120* = 129600 



9 a* + 21 ft* = 238464 

40 



9538560 
15 X 120 X 72* = 9331200 



18869760 



1^ X 48 = 1-305 X 48 = 62-65 nearly = the length 
rperbolic arc AQ. 



e transverse diameter and conjugate are respectively 
16 ; required the length of the curve to an ordinate 8. 

21 X 16* = 5376 
19 X 20* = 7600 



12976 
3 case it will be necessary first to find the lesser ab- 

case 2» Prob. xii., 

; 20 : : V8' -h_8* : dist. between ord. and centre. 

5 : : 8 ^/2 : dist. between ord. mA <ieii\x^\ 
istance = 10 V^ . 
,'. 10 VT— 10 s= 4-14,a = the «3oiw^s»a.. 
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Now 21 X 162=5376 
19 X 202 = 7600 





X162: 
321 X 

9 X 

162 = 


12976 
4.142 






25952 
51904 
12976 
51904 




5 X 20 


53746.592 
= 76800. 






130546.592 


•' 


Als< 


162 = 5376 
20^ = 3600 

8976 
4.142 B 


absc 




17952 
35904 
8976 
35904 




X 20 X 


37178.592 
76800 





113978.592 
Ifggflifgi X 8=1.145 X 8 = 9.16 = -the length 
hyperbolic arc AQ; hence 8.164 X 2 = 16.328= len^ 
arc PAQ. 

4. Determine the length of an hyperbolic arc, whose on 
is 15 ; the transverse and conjugate axes being 80 and 6( 

Id order to determine the lesser abscissa, say 

I ' 80 : : Vl62+ 3Q2 . ^%t. \>eVNeexi ot^. «ii^f:«D 

4 ; ; VI 125 : dist. \)etwe«ii ox^. wi^ c«sDtet^ 
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this distance = fVl 126 =« 54.721 
. 44.721 — 40 = 4.721 = the lesser absc. 
Now 21 X 602= 75600 
19 X 80^= 121600 



197200 
4.721 = abscissa 



197200 
3944 
13804 

7888 

930981-200 
15 X 80 X 60* = 4320000- 



5250981-200 



Also 21 X 60* = 75600 
9 X 80* = 57600 



133200 
4.721 

133200 
2664 
9324 

5328. 

628837-200 
15 X 80 X 60 = 4320000- 



4948837.200 



^ence j§|g|g}:f X 15 =« 1.061 X 15 = 15.915 = length 
be arc AQ ; and 15.915 X 2 = 31-83 = length of the arc 

PROBLEM XIV. 

''ofind tht area of an hyperbola.; the trans^jerae, couiu^oXe 

and cibscissa being given 
i>2 
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Ex. 2. The transverse diameter is 80, the conjugate G( 
the lesser abscissa 30 ; find the area of the hyperbola. 

80 X 30 = 2400 =: product of the transverse andab» 
4of30«=: 642.857142. &c. 



3042.857142(55.162 
25 21 


105)542 

525 ] 


55162 
L 10324 


1101)1785 1158.402 
1101 


11026)68471 
66156 




110322)231542 
220644 

10898 


■ 


80 X ! 


20 = 2400(48.989 
16 4 




88)800 195.956 
704 




969)9600 
8721 




9788)87900 
78304 




97969)959600 
881721 




n%n^ 
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1158-403 
196-956 



75)1354-358(18058 
75 

604 
600 

435 
375 



608 
600 



8 



60 X 30 ^ 7200 ^ 4 times the product of the conjugate 
abscissa. 

80) 

90 



Lastly, 18-058 

90 



I6S5-230 



. The transverse diameter is 60, the coniw^t^ ^0 -, te- 
ed the area of the byperholk to an abaci&&«L ^b. 
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50 X 25 = 1350 = prod, of transv, and absciss 
f X 26* = 446-428571 

1696-428571(4M87 
16 21 



81) 96 41187 

81 82374 



821)1542 864-927 

821 



8228)72185 
65824 



82367)636171 
576569 



59602 



50 X 25 = 1256- (35-3553 
9 4 



65)350 141-4212 
325 



703)2500 
2109 



7065)39100 
35325 



70705)377500 
353525 



707103)2397500 
2121309 
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864*927 
141-421 



75)1006-348(13*418, nearly. 
75 



356 
225 

313 

300 



134 
75 



598 



X 25 = 3000 = 4 times the prod, of the conjug. and 

60) 

60 



Lastly 13-418 

60 



805*080 = the area, nearly. 



;ermine the area of an hyperbola, whose major and 
es are 45 and 30 ; the abacia&abdii^ \Q. 
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45 X 10 = 450 = prod, of transverse and absc 
f X 10*= 71-488571 

531'438571(33'8348 
4 31 



43)131 228348 

84 456696 



448)3742 479-5308 
3584 



4563)15885 
13689 



45664)319671 
182656 



37015 



45 X 10 = 450 (31.3132 

4 4 



41)50 84.8538 
41 



422)900 
844 



4241)5600 
4241 



43433)135900 
127369 



424262)863100 

848534 



« 



87 
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479.5308 

84.8538 

75)564.3836(7.5251 
525 

393 
375 

188 
150 

383 
375 



86 

75 

11 



4 X 30 X 10 ^ 1200 

46) 



26.6666 
7,5251 



266666 
1333330 
533332 
1333330 
1866662 



300.66883166 = area oi 

hyper D< 



, Beqmred the area of aa h7pet\>oU^V«« ws*' «' 
the abscissa being 8. ' 



88 
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30 X 8 = 240 == product of trans, and absdssa. 
45.7142857 



I X 82 



285.7142867(16.903 
1 31 



26)185 
156 



329)2971 
2961 



16903 
33806 

354.963 



33803)104285 
101409 



2876 



30 X 8 = 240 (15.4919 
1 4 



25)140 61.9676 
125 



304)1500 
1216 



3089)28400 
- 27801 



30981)59900 
30981 



309829)2891900 
2788461 



103439 
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354.963 
61.967 



75)416.930(5.559 
375 



419 
375 



443 
375 

680 
675 



4 X 20 X 8 =640 = 4 times prod, of conj. and abs. 

30)^ 

21.3333 
5.559 



1919997 
1066665 
1066665 
1066665 



1 18.591 8147 = area of the hyperbola. 



Find the area of an hyperbola Yrlioae axft* «x^ ^^ ^asA'^^ i 
bscissa being 9. 



so COMIC SECnONB. 

36 X 9 == 324 
f of 9« = 57-8571488 



381'857US8(19'5411 
1 81 



39)381 195411 

361 390822 



385)3085 410-3631 
1935 



3904)16071 
15616 



39081)45542 
39081 



6461 



36 X 9 = 334(18 
1 4 

38)334 73 
334 — 



410-3631 
73 

75)483-3631 (6-4315 
450 

333 

300 

236 
335 

113 
75 

375 
6 
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4 X 25 X 9 = 900 
36)' 



S5 

Lastly, 6-4315 
25 



331575 
128630 



160*7875 = area of the hyperbola. 

PROBLEM XV. 

To find the area of a cycloid whose axis is known, 

X. 2. The axis of a cycloid is 9i fee\, find the area of the 
Did. 

*7854 = area of a circle whose diameter is 1. 

90-25 = (9-5)* 

39270 
15708 
70686 



70*882350 = area of generating circle. 
3 



212*647050 = area of the cycloid. 

The axis of a cycloid is 5 yards, determine the area of the 
>id. 

*7854 = area of circle to diameter unity. 
25= 5* 



39270 
15708 



19*6350 = area of generating circle. 
3 



58-9050 = area of live cydoV^. 
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4. The base of the cycloid is 25 yards ; find the area 
cycloid. 

Since the base of the cycloid is 25 yards, therefore fr 
nature of the figure, the circumference of the generatinj 
= 25 yards. 

3-14l6)25-00(X)000(7-9577 
219912 



300880 

282744 



181360 
157080 

242800 
219912 



228880 
219912 

8968 



. 7*9577 =: the diameter of the generating circl 



•7854 = area of circle to di 
I 63-325 = (7-9577)S nearly. 



253300 
316625 
; 506600 

i 443275 



49*7354550 = area of the gen( 
3 circle. 



149-206a6oO •=- wesi ^l xXi^ ^^jOvk 
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Otherwise,* 



•07958 

625 = 25* = (circumf.)' 

39790 
15916 

47748 



49*73750 = area of generating circle. 
3 



149*21250 = area of the cycloid, nearly as before. 



THE MENSUEATION OF SOLIDS. 

PROBLEM L 

To find the solidity of a cube, the length of one of its sides 

being given, 

\ Ex. 2. A cube has one of its sides equal to 25*5 inches in 
igth ; find its solidity. 

25-5 
25-5 



1275 
1275 
510 

650-25 
25*5 

325125 
325125 
130050 



Solidity = 16581*375 cubic inches. 
* See Problem XIIL, Rule IL, in the MensuratioTi of ^\)i^€c^<d<^%. 
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3. A side of a cube i8 15 inches; find its soKdity 
15 inches = 1-25 feet. 
125 

625 
350 
125 

I'd 625 
125 

78125 
31250 
15625 

SoHdity =1-953 125 c ubic feet. 

Otherwise, 
15 
15 




1125 
225 



1728)3375(1 cub. foot, 11 pts. 5iiVi. 
1728 

1647 
12 

19764 
19008 




432 



* neae are not solid inches, but iiie -^liSaft oi«. ca\iMt^sxil>t« ^ 
^eae inches^ in reality, contoina VI cubic Inchiss. * 
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Determine the solidity of a cube one of whose sides is 7' 5 

7-5 
7-5 



375 
525 

56-25 
7-5 

S8125 
39375 

Solidity = 421-875 cubic feet. 



PROBLEM II. 
To find the solidity of a solid parallelopiped, 

£.3. The length of a parallelopiped is 9 feet, breadth 3 
and depth or thickness 18 inches ; determine its solidity. 

9 feet = length. 
2 feet = breadth, 

18 

1'5 feet = depth. 



90 
18 



Solidity = 270 cubic feet, or 1 cubic yard, 



The length of a parallelopiped la IS feel, toA ^"w^ i\^^^ 
juare base or end is 21 inches ; 7»r\iaX. \a ^'^ ^^^N.^ ^ 
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21 = side of the sq. end. 
21 

21 

42 



441 = area of the end in inche 
180 = length of the solid, in i 



35280 
441 



1728)79380 cubic inches. 
Solidity = 45*937 cubic feet. 



4. What is the solidity of a block of marble, whose 
is 10 feet, its breadth 5f feet, and the depth 3^ feet. 

10 = length. 
5-75 = breadth. 

57-5 
3*5 — depth. 



2875 
1725 



Solidity = 201*25 cubic feet. 



5. How many cubic feet are there in a piece of timb 
form of a parallelopiped, whose length, breadth, and t 
are 35 feet, 3f feet, and 2^ respectively } 

35 = length. 
3-75 = breadth. 
1875 
1125 



131-25 

2'5 == thickness. 

65625 
26250 



= 328-125 cubic ieeX. 
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PROBLEM III. 

To find the solidity of a prism. 

2. Determine the content of a triangolar prism, whose 
is 18 inches, and the length of a side of its equilateral 
} 1*5 inches. 

1-5 

1-5 

1-5 

2)4*5 = perimeter. 

3 '25 = ^ perimeter. 
1 of the base — J2-25 X -75 X 75 x '751^ 

= |-94921875|i = -97427 

18 



. 779416 
97427 



Solidity = 17*53686 cubic inches. 

Elequired the solidity of a prism whose base is a hexagon, 
sing each of the equal sides to be 1 foot 4 inches, and 
Qgth of the prism 15 feet. 

Now 2*598076 = area of a hexagon whose side = 1 
256 inches = (a side)^ of the prism's base. 

15588456 
12990380 
5196152 



144)665*107456 sq. inches = the area of the prism's 

base. 

4*6188 sq. feet = area of prism's base. 
15 = length of the prism. 

230940 
461B8 



ntent= 69-2820 cubic feet. 
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4. Find the content of a prism whose base is a regular oc- 
tagon, a side of which is 3 feet, and the length of tiie prism 
12 feet. 

4*828427 =: area of an octagon whose side is 
9 = (side)* of prism's base. [unity. 

43*455843 

12 = length of the prism. 



Solidity = 521-470116 cubic feet. 



5. Find the content of a prism whose base is a regular de- 
cagon, a side of which is 2 feet, and the length of the prism - 
20 feet, 

7*694208 = area of a decagon whose side is 
4 = (side)* of prism's base, [unity. 

30*776832 
20 



Solidity = 615*536640 cubic feet. 



PROBLEM IV. 

To find the convex surface of a cylinder. 

Ex. 2. What is the convex surface of a right cylinder, the 
diameter of whose base is 30 inches, and the length of the cy- 
linder 60 inches ? 

3*1416 = circumf. of circle to dia. 1. 
30 



94*2480 = circumf. of cylinder's base. 
60 = alt. of cylinder. 



Convex surface = 5654*8800 sq. inches. 

3. Required the convex superficies of a right cylinder whofl 
circumference is 8 feet 4 inchea, ^xi^\\.^\^Ti^jDLl fsfttu I 
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8^ feet = circumf. of cylinder's base. 
7 



ionvex surface = 58^ =: 58*333, &c. sq. feet. 



. Find the whole surface of a cylinder, the diameter of whose 
i is 5 feet, and its perpendicular altitude 30 feet. 

3*1416 = circumf. of circle to diameter 1 . 
5 



15*7080 = circumf. of cylinder's base. 
30 • 



471*2400 = convex surface. 
Now '7854 =: area of circle to diameter 1. 
25 = (diameter)* of cylinder's base. 



39270 
15708 



19*6350 = area of one end of the cylinder. 
2 



39*2700 = area of the two ends. 
471*24 = area of cdnvex surface. 



Total area = 510.51 sq. feet. 

PROBLEM V. 

To find the solidity of a cylinder, 

X. 2. What is the sohdity of a cylinder whose heighjt is 10 
and the diameter of the base 2 feet ? 

•7854 = area of circle to diameter 1. 
4* 



3*1416 = area of cylinder's base. 
10 = altitude. 



Solidity = 31 '4160 cubic feet. 



^.r^Jk l\v-iV-> 



vJ 
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3. What is the solidity of a cylinder whose height is 15 fa 
and the circumference of its hase 30 feet ? 

•07958 

400 = 20* = (circumf.)* 

31 .83200 = area of cylinder's hase. 
15 = altitude of cylinder. 

159160 
31832 



Solidity = 477-48 cubic feet. 

4. The circumference of the base of an oblique cylinder 
20 feet, and the perpendicular height 18 feet : what is the 
lidity ? 



? 



07958 

400 = 30* 



31-83200 
18 

254656 
31832 



Solidity = 572*976 cubic feet = 573 cd 
feet, nearly. 

5. Determine the solid content of a right cylinder whose 
titude is 15 feet, and the diameter of its base 29 inches. 
-7854 = area of circle whose diameter is 1. 
841 = 29* 

7854 
31416 
62832 



660-5214 = area of cylinder's base, in inches. 
180 i nches = cylinder's altitude. 

528417120 
6605214 



1728) 118893-8520 cubic inches. 
68-804 cubic feet. 
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Find the content of an oblique cylinder, whose altitude is 
et ; the radius of its base being 10 inches. 

•7854 = are^ of a circle whose diameter is 
400 unity. 



3141600 

114 inches = cylinder's perp. altitude. 



12566400 
31416 
31416 



1728)35814-2400 cubic inches. 
20-725 cubic feet. 



The circumference of the base of an oblique cylinder is 
et, and the perpendicular altitude 19*318 feet : what is the 

ty? 

•07958 
400 



31-83200 = area of cylinder's base. 
19-318 = cylinder's altitude. 

254656 

31832 
95496 
286488 
31832 



SoHdity = 614-930576 cubic feet. 



PROBLEM VI. 
To find the convex surface of a WgAt cone. 

, S. The diameter of a right cone \a 4'^ ie^eX, ^s^ "^^ 
leight 20 feet; required &e convex 8ixxldkfie» 
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3' 141 6 =r circmnf. of a circle to di 
4*5 = diam. of cone's base. 



1570SO 
125664 



14*13720 = circamfereiice of cone's 
10 = ^ slant side. 



Convex 8ar£Eu;e = 141*372 sq. feet. 



3. The circnmference of the base of a right cone is 10 
it9 slant height is 18*9 ; what is the convex surface ? 

10*7 =: circomf. of cone's base 
9*45 = i slant height. 



535 

428 
963 



Convex surface = 101*115 as required. 



4. Determine the number of square feet contained i 
outward surface of a square p3rramid, each side of its base 
3^ feet, and a perpendicular from the vertex upon one c 
sides of the base being 8f feet. 
3J feet = 3*5 feet. 

8*75 = perpendicular. 



4375 
2625 

2)30-625 

15*3125 =: area of one face of pyramid 
4 



Surface =z= 61*2500 aq. ieeX.. 
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. triangular pyramid has each side of its base equal to 
t, and its slant height 7*25 feet : determine the number 
ire feet of canvass that would be sufficient to cover its 
d surface. 

5-5 
17-25 



8625 
8625 



2)94-875 



47 '4375 =1 area of one triangular face. 
3 



142*3125 =1 number of sq. feet required. 



PROBLEM VII. 

i the surface of the frustum of a right cone or pyramid, 

2, What is the convex surface of the frustum of a right 
le circumference of the greater end being 29 feet, that 
esser end 1 4 feet, and the length of the slant side 20 

29 = circumf. of greater end. 
14 = circumf. of lesser end. 

43 

20 = slant side of the frustum. 



2)860 



430 = convex surface required. 



ind the convex surface of the fmatum of ^ xv^cA. t^\«.\ 
netera of the ends being 9 and 4 ieeX, wA^^^KW^^^^ 
side 18 feet. 
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3*1416 = circumf. of circle to dumetffL 
9 



28'2744 = circumf. of greater end. 
12*5664 = circumf. of lesser end. 



40-8408 

18 = slant side. 



3267264 
408408 

2)7351344 

Surface = 367*5672 sq. feet. 

4. If a segment of 7 feet slant height be cut off the top o 
a cone whose slant height is 30 feet, and circumference d '^ 
base 10 feet; find the surface of the frustum. 

Bi/ similar triangles. 
Diameter of base : diameter of upper section : : 30 : 7 
or 10 feet : circumf. of upper section : : 30 : 7 
/. circumference of upper section = J = 2*3333 feet. 

2*3333 
10* 



12*3333 = sum of perimeters. 

23 = slant height of frustam. 

369999 
246666 



2)283*6659 



Surface= 141*8329 sq. feet. 

5. The slant height of a cone is 20 feet, and the diamete 
its base 9 feet ; Y^hat is the convex «^]LTfQLce of a frustum cat 
by a plane parallel to the cone' a \>a"a^, «ft^ ^^^wiA. \ \s«^S 
the vertex of the cone ) 
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Radius of cone's base = 4*5 feet. 
.-. {902— (4-5)2}i = 19-487 = perp. altitude of the cone. 
Hence by similar triangles, 

19"487 : circumf. of cone's base : : 4: circumf. of upper sec. 
or 19*487 : 28*2744 : : 4 : circumf. of upper section. 
.•. the perimeter of upper end = -^xf-fl-T* = 5*803 

28*2744 



Sum of perimeters = 34*0774 
Again, by similar triangles, 

19*487 : 20 : : 4 : slant height of the little cone whose base 
is the upper section. This slant height = xf.Jgz = 4*105 
.-. 20 — 4-105 = 15*895 = slant height of the frustum. 

34*0774 = sum of perimeters. 
15*895 = slant height of frustum. 

1703870 
3066966 
2726192 
1703870 
340774 



2)541*6602730 



Convex surface= 270-8301365 sq. feet. 



6. Determine the surface of the frustum of a pentagonal 
[pyramid, one side of the base being 3 feet, and a side of the 
ipper end 1 J feet ; the slant height being 5 feet. 

15 feet = perimeter of base. 
8*75 feet = perimeter of upper end . 

23*75 = sum of perimeters. 
5 = slant height of frustum. 



2)118*75 



Surface required =: 59*375 ac^, ieeX. 

b2 
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PROBLEM VIII. 

To find the solidity of a cone or pyramid. 

Ex. 3. Find the content of a pyramid whose base is a regi" 
lar duodecagon, a side of which is 3 feet, and the altitude i | 
the pyramid 1 2 feet. 

11'196152 =: areaofadaodecagonwhoKl 
9 side is unity. 

100-765368 

1 2 = alt. of pyramid. 



3)1209-184416 



Solidity = 403061472 cubic feet. 



4. Required the solidity of a triangular pyramid whose heigtej 
is 30, and each side of the base 4. 

'43301 2 := area of anequilat. ^wto] 
16 side is unity. 

2598072 
433012 



6-928192 

30 = altitude. 



3)207-845760 



69-281920 = content required. 



5. Required the solidity of a square pyramid, each side i 
whose base is 20, and the perpendicular height 60. 

400 =: area of the base. 
60 



3)24000 



SoUdity = 8000 
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What is the solidity of a cone the diameter of whose base 
inches, and its altitude 15 feet? 

•7854 = area of a circle to diam. 1. 
394 = (18)2 

31416 
15708 
23562 



254'4696 = area of cone's base. 
180 = altitude, in inches. 



203575680 
2544696 

3)45804-5280 



1728)15268-176 cubic inches. 



8-83575 cubic feet. 



If the circumference of the base of a cone be 40 feet, and 
leight 50 feet ; what is the solidity ? 

•07958 

1600 = (40)* 



4774800 
7958 



127-32800 = area of cone's base. 
50 



3)6366-40000 



Solidity = 2122-133, &c., cubic feet. 



Wbatia the content of a pentagoiLATgs^T«X£tA/VwiV€\^* 
/^ feetj and each side of ita bu&e ^ ie^'t 
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1*720477 = area of a pentagon wki 
9 =: 3^ [sic& 18 unity. 

15-484293 =: area of pyramid's base. 
15 t= altitude. 



77421465 
15484293 

3)232-264395 



Solidity = 77-421465 cubic feet. 



PROBLEM IX. 

To find the solidity of the frustum of a cone whose end dianuiei 

and altitude are given. 

Ex. 2. What is the solidity of the frustum of a cone, the di 
meter of the greater end being 6 feet, of the lesser end 8 It 
and the altitude 12 feet ? 

6«— 2* = 216—8 = 208 
and 6—2 = 4 
6«— 2^_ 208 _ g2 



6—2 4 



7854 



16708 
39270 



4*08408 

4 = 1 altitude. 



Solidity = 1633632 cubic feet. 



3. Determine the solidity oi \\i^ itxi.'&taTCL Qf a cone, who 
end diameters are 8 and 6 ieet t^«>^^c\!\n€^^ \ \k^^ <«i^s^tai^ 
the fraatam being 9 inchea. 
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83— 6^ = 612—216 = 296 

and 8—6 = 2 
8^-63^296^ 148 



8—6 2 



•7854 

62832 
31416 

7854 

116-2392 

•25 = J of a foot = J of 9 

inches. 

5811960 
2324784 



Solidity = 29*059800 cubic feet. 



[f the end diameters of a conical frustum be 9 and 7 
respectively, and the altitude 4 inches ; what is the solid 
it of the frustum ? 

93—7' = 729—343 = 386 
9—7=2 

...?!=£=?2£= 193 
9-7 2 .7854 • • 



23562 
70686 
7854 



151-5822 
w J the altitude = ^ of 4 = f ; hence 151*6822 X f 
2*1096 cubic inches = the solidity required. 

PROBLEM X. 

d the solidity of the frustum of a pt^ramid ; su'ppfk%\i^ \\« 
9 of the solid to he regular polygons, cwid tKe oX\\luA» oj 
^Kustum to be hunon. 
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Ex. 2. What is the solidity of the frustum of a square pyn- 
mid ; a side of the greater end being 4 feet, that of the leM 
end 2 feet, and the altitude 9 feet ? 

4^ = area of the greater eni 
2^ =: area of the lesser end. 

4x2 = V4» X 2* 

Sum = 28 

3 = J of the altitude. 

Solidity = 84 cubic feet. 

3. What is the solidity of the frustum of a square pyramid 
one side of the greater end being 18 inches, that of thelesse 
end 15 inches, and the height 30 inches ? 

18' = 324 = area of larger end." 
15* = 225 =: a rea of lesse r end. 
18 X 15 = 270 =V18» X 15* 



Sum = 819 

10 = -J^ of the altitude. 



Solidity := 8190 cubic inches. 



4. What is the solidity of the frustum of an hexagonal pyr 
mid, the side of whose greater "end is 8 feet, that of the less 
end 2 feet, and the height 9 feet 1 

2*598076 =: area of a hexagon whose si 
64 := 8* is unity. 

10392304 
15588456 



166'276864 = area of the greater end. 



2-698076 

4 = 2* 



10*39MO^ =: w««^ oi^Cfii&'\a»i« «i 
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Also 166-276864 X 10*392304 = 1727-999718854666 
square root of which = 41-569216 
therefore 166*276864 
10-392304 
41-569216 



218-238384 

3 = J the altitude. 



Solidity = 654-715152 cubic feet. 



5. Determine the solid content of the frustum of a pyramid, 
^hose base is a regular decagon, a side of which is 4 feet» and 
- side of the upper end 2 feet ; the altitude being 15 feet. 

7-694208 = area of a decagon whose side is 1. 
16 = 42 



46165248 
7694208 



123*107328 = area of greater end. 
7*694208 
4 = 2' 

30-776832 = area of lesser end. 
Also 123*107328 X 30*776832 = 3788-853551824896 
ie square root of which =r 61*553664 

Hence 123-107328 
30*776832 
61-553664 



215*437824 

5 •= ^ the altitude. 

Solidity = 1077189120 cubic feet. 

PROBLEM XI. 

To find the solidity of a wedge, 

Ex. 2. The length and breadth of the base of a wedge are 15 
md 8 inches respectively, and the length, of llaa. ^^^ \^ ^Si 
mchea: determine its solidity, supposm^ ^"^ ^^\A^ ^^ "^^^ 
wedge to he 8 feet. 
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15 ^ l&agth of tiie b 

30 

46 ^ length of the 6 

75 

36 = hcdght of the V 

450 
225 

2700 

3 = breadth of thi 



6)21600 



Solidity = 3600 cubic inches. 

i length and Ijreadth of the base of a wedge 
iches respectively, also the length of the wed, 
determine the solidity, supposing the altitud 
» be Id inches. 

45 = length of th< 





50 = 


length of tb 




140 

18 — 

1120 
140 


height of th< 




2520 

16 = 


: breadth of t 




15120 
2520 




Sc^ditY 
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PROBLEM XII. 



To find the solidity of a prismoid. 

Ex. 2. What is the solid content of a prismoid, whose great- 
er end measures 19 inches hy 8 ; the lesser end 8 inches by 6 ; 
and the perpendicular altitude 15 feet ? 

12x8=: 96 = area of greater end. 
8x6= 48 == area of lesser end. 
4x10x7 =2 80 = 4 times area of middle section. 



424 
30 



1728)12720 cubic inches. 
SoHdity = 7*3611 



3. Determine the solid contents of a prismoid whose base 
Pleasures 9 feet by 3i ; and whose upper end measures 12 feet 
hy 44 ; the altitude being 9 feet. 

9x3J:= 31*5 = area of smaller end. 
12 X 4|- := 54* = area of larger end. 
4 X V X I = 16S =4 times area of middle 

section. 

253-5 

1*5 =z ^ of the altitude, in feet. 



12675 
2535 



380*25 =: contents. 



4. Find the number of imperial gallons contained in a 
krewer's guile tun in the form of a prismoid, whose greater 
find measures 12 feet hy 8, and lesser end m^^^xxx^^ ^ i&^\. ^^^ 
iP/ Uie altitude being 9 feet 
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19X8= 96 = area of greater end. 
9x6= 54 =: area of lesser end. 
4 X V X ¥ = 294 = 4 times the area of thei 

■ die section. 

444 
1-5 = J of the altitude. 



2220 
444 



Solidity = 666*0 cubic feet. 

Now 1 cubic foot = 1 728 cubic inches =: ■s-H'-f-f^ imp 
gallons = 6*232 imperial gallons; hence ^86 X 6*238 
4150*512 imperial gallons = the content required. 



PROBLEM XIII. 

To find the convex surface of a sphere* 

Ex. 2. What is the convex superficies of a sphere w! 
diameter is 2^ feet ? 

3*1416 =: circumf. of a circle to diameb 
2-5 



157080 
62832 



7*85400 = circumf. of a circle to diam. 8: 
2*5 



39270 
15708 



19*6350 =: surface of the sphere. 



" What is the convex «upei^de» oi «. %^^x^^\»»a^ 
e 18 5-19 feet? 
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3-1416)5-1900(l-663 
. 31416 

204840 
188496 



163440 
157080 



63600 
62832 

768 

1*652 = diameter of the sphere. 
.'. 5*19 = circumference. 

14868 

1652 
8260 
6*57388 sq. feet = the surface of the sphere. 

r. If the diameter of the earth be 795 7f miles, what is the 
X of the whole surface, supposing the earth to be a perfect 

ere? 

Earth's diameter = 7957-75 

31416 



4774650 
795775 

3183100 

795775 
2387325 



25000067400 =. earth's ch-cumf. 
7957-75 

1250003370 
1750004718 
1750004718 
1250003370 
2250006066 
1750004718 
Surbce s= I98944a86'352S50 Efjoax^ Tsas.^- 
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5. The diameter of a sphere is 21 inches ; what is the 
vex superficies of that segment of it whose height is 9 inc 
3*1416 = circamf. of circle to diameter 1. 
21 



31416 
62832 



65*9736 = circmnference of the sphere. 
9 



Surface:= 593-7624 square inches. 



6. What is the convex surface of a spherical zone y 
breadth is 8 inches, and the diameter of the sphere 30 in( 

31416 
30 



94*2480 = circumf. of the sphere. 
8 =: breadth of the zone. 



Surface = 753*9840 square inches. 



PROBLEM XIV. 

To find the solidity of a sphere. 

Ex. 2. What is the solidity of a sphere whose diamel 

2f feet ? 

2f = f 
and (1)3 = 6^2 _. 18-962 feet = (diametei 

18-962 

•5236 



113772 
56886 
37924 
94810 



Solidity = 9*92850^^ cvi^nc Vac\i^%. 
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. What is the solidity of the earth, supposing it to he per- 
\j spherical, and its diameter equal to 7957J- miles ? 



Diameter = 7957'75 
7957-75 



3978876 
5570425 
5570425 
3978875 
7161975 
5570425 

633257850625 
7967.75 

3166280253125 
4432804954375 
4432804954376 
3166289253126 
5699320665626 
4432804954375 

50393076608M09375 

-5236 

3023584596486656250 
1511792298243328125 
1007861532162218750 
2519663830406546876 

263858149120*0688687500 cuhic miles. 



k Determine the solid content of a sphere "viVm^^a ^c?ssE&ft 
leis 13 feet. 
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31416)15- (4-7746 
125664 



243360 
219912 

234480 
2I99I2 

145680 
125664 

20016 
Now (4-7746/ = 108845 = (diameter)^ nearly 

•5236 



653070 
326535 
217690 
544225 



Solidity = 56991 2420 cubic feet. 



5. Find the solidity of a sphere whose radius is 18 

Diameter = 36 
(diameter)^ = 46656 

46656 
•5236 



279936 
139968 
93312 
233280 



Solidity = 24429-0816 cvi\>\c UeX. 
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)etennine the content of a sphere whose circumference 
ches. 

31416(20000000C63661 
188496 



115040 

94348 

207920 
188496 

194240 
188496 

5744 



Diameter of the sphere = '63661 inch. 

Now (-63661)^ = -25800039 nearly. 

•5236 



154800234 
77400117 
51600078 
129000195 

Contents = -135089004204 cubic inch. 



PROBLEM XV. 



To find the solidity of the segment of a sphere, 

2. Determine the soUdity of the ^e^^iiX ^l ^^^^^ 
base diameter is 2& inches, and its BWitooAa % \bs3qr».- 
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Radius of the segment's base = 135 

125 

6-25 
1500 

156-25 



468-75 

64 = (height)* 

532-75 
8 



4262*00 
-5236 



25572 
12786 
8524 
21310 



172 8)2231-5832 cubic inches. 
1*291 &c., cubic feet. 



3. What is the content of a spherical segment whose h 
is 6 inches and the radius of its base 9 inches ? 
Radius of segment's base = 9 inches. 



9 

81 
3 

243 

36 

279 

6 

1674 
■5236 
10044 
5022 
3348 



Solidity = %T^50^c.xi5avi\w3to«fc. 
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Find the solidity of a spherical segment, the diameter of 
e base is 18, and its altitude 5. 
idius of segment's base = 9 

81 
3 

243 

25 = (height)* 

268 
6 



1240 
•5236 

8040 
4020 
2680 
6700 
Solidity = 701-6240 cubic inches. 

What is the solidity of a spherical segment, the radius o 
se base is 2 inches, and altitude If inches ? 
Radius of base = 2 

2 

4 
3 

12 
3^0625 = (1-75)* = (height)* 





15-0625 
1-75 






10553126 

1504375 

150625 




, 


2f6-359375 
•5236 




Content =r 


158156250 
79078125 
52718760 
131796876 , 

JS'801 7687500 


cubvc m^^ 
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PROBLEM XVT. 
To find the content of a sector of a sphere whose radius i 
Ex. 2. Having given the radius of a sphere = 
inches, and the altitude of the segment 15 inches, d( 
the content of the sector. 

12-25 = (3-5)» = (rad.)* 
1*25 = altitude of the segr 

6125 
^ 2450 

1225 



15-3125 
2-0944 

612500 
612500 
1378125 
3062500 

Solidity = 3207050000 cubic feet. 



3. If the diameter of a sphere be 4 feet 3 inches, and 
titude of the segment 1 foot 6 inches, find the soJidity 
sector. 

4-515625 = (2-125)2 _ (j^^j^ 

1*5 = altitude of the seg 

22578125 
4515625 



6-7734375 
2-0944 



270937500 
270937500 
609609375 
1354687500 

14- 186-287 50000 = «.q\\^\73 \si ^rviJcsvR. 
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PROBLEM XVIT. 



7 given the end diameters of a frustum or zone of a sphere 
and the altitude of the frustum, to find its solidity. 

2. Find the solid content of a zone, whose greater dia- 
is 22 inches, lesser diameter 16 inches, and the distance 
two ends 9 inches. 

Here 121 = (greater radius)^ 
64 =r (lesser radius)* 
27 = I (altitude)^ 

212 

9 = the altitude. 



1908 
1-5708 

15264 
133560 
9540 
1908 



Solidity = 29970864 cubic inches. 



Determine the solidity of the middle zone of a sphere 
end diameters are 3 feet each, and the breadth of the 
» feet. 

1'5 feet ss: radius of each end. 



124 
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(1-5)* =2 25 
225 
i (altitude)* = 5*3333 



9-8333 

4 = altitude. 



39-3332 
1-5708 

3146656 
2753324 
1966660 
393332 

Solidity = 61*78459056 cubic feet. 



4. Find the number of cubic feet contained in a sph( 
zone whose top and bottom diameters are 3 feet, and i 
respectively, and their distance 4 feet. 

(1*5)^ = 2*25 = (greater radius)! 
1 • = (lesser radius)' 

5-3333 = i (altitude)* 

8-5833 

4 = altitude. 



34-3332 
1-5708 

2746656 
2403324 
1716660 
343333 

= 53*93059056 cm\Ac l^\.. 
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. The end diameters of a zone are 12 and 10 feet; also the 
:ude of the zone is 6 feet : determine its solidity. 

6^ = 36 = (greater rad.)2 
5* =r 25 = (lesser rad.)* 
J of 6* = 12 = J (altitude)' 

73 

6 ^ altitude. 



438 
1-5708 

125664 
47124 
62832 

Solidity = 688*0104 cubic feet. 



PROBLEM XVIII. 

find the solidity of a spheroid, whose major and^minor axes $ 

are known. 

be, 2. What is the solidity of a prolate spheroid, whose ^' 
ixis is 90, and its revolving or minor axis 70 ? 

70 =: revolving or minor axis. 
70 



4900 = (minor axis)^ 
90 = major axis. 



441000 
'5236 



5236 
20944 
20944 

Solidity = 230907-6000 
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3. Determine the content of an oblate spheroid whos( 
or minor axis is 70, and whose revolving or major axis 

90 = revolving axe. 
90 



8100 
70 = fixed axe. 



567000 
•5236 

36652000 
31416 
26180 

Solidity =296881-2000 



4. The major and minor axes are 304 and 503 ; dete 
the content of the oblate spheroid, and how much this 
tent difiers from that of a sphere on the major axis. 

304 = revolving axe. 

304 



1216 
912 



92416 = (revolv. axe)^ 
303 



277248 

277248 

28002048 
•5236 

168012288 
84006144 
56004096 
140010240 
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Now (304)' = 28094464 

•5236 



168566784 
84283392 
56188928 
140472320 



14710261*3504 ^ cont. of sphere on maj. axis. 
14661872-3328 = cont. of obi. spheroid. 
483890176 = difF. of their solidities. 

PROBLEM XIX. 

To find the solidity of the segment of a spheroid. 

Casb l,~^When the base is perpendicular to the fixed axis* 

Ex. 2. The axes of a prolate spheroid are 40 and 30 inches 
respectively ; what is the solidity of that segment whose height 
is 6 inches, and its base perpendicular to the fixed, or, in this 
case, the major axis ? 

J^ = ^ = -5625 
Three times the fixed axis = 1 20 
Twice the height of the seg. = 12 



Difference = 108 
•5625 



45000 
5625 



60-7500 
(height)^ = 36 



36450 

18225 

218700 
•5236 



13122 
6561 
4374 
10935 
Solidity = 11 45- 11 32 cubic mdtie^. 



138 OP SOLIDS. 

3. The major and minor axes of an oblate spheroid ai 
and 60 respectively ; determine the solid content of tha 
tion of it whose altitude is 8 inches, and its base perpem 
to the fixed, or, in this case, minor axis. 

Three times the fixed axis = 1 80 
Twice the height = 16 



Difference =164 
2-7777 



111108 
166663 
37777 



455*5438 
(altitude)^ = 64 



18331713 
37333568 

29154-7392 
•5236 

1749384352 
874642176 
683094784 
1457736960 

SoHdity = 15365-42144512 cubic inches. 

1728) 

8-8341, &c. cubic feet. 



4, The transverse and conjugate axes of an oblate 8| 
/»r ^eet respectively ; ^Tid. \\i^ ^oWditY of that 8< 

is 8; its base \>^g^er5«^^^<=^^^^'^ 



OF SOLIDS. 139 

W = 2-25 



lliree times the fixed axis =; 24 feet. 
ice the height of the seg. ^ 6 feet. 

Difference =18 
2-25 

1800 
225 



40-50 

9 =(heighty 



364-5 
-5236 

21870 
10935 
7290 
18225 

Solidity = 190-85220 cubic feet. 



Cask II. — JVhen the base is perpendicular to the revolvim 

axis. 

Ex. 2. Required the solid content of the segment of a pro 
kte spheroid, whose axes are 40 and 30 ; the altitude of th< 
segment being 6. 

"Isree times the revolving axes = 90 
irice the height of segment =12 

Difference = 7B 
¥2 
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And 78 X i = 104 

36 = (height)* 

624 
312 



3744 
•5236 

22464 
11232 

7488 
18720 

Solidity = 1960*3584 



3. Determine the solid content of the segment of 
spheroid whose axes are 36 and 24 ; the altitude heii 

24 2 

"51? — ^ 

Three times the revblving axis =108 
Twice the height of segment = 16 



192 
And 192 X f = 128 

64 = (height)* 



512 
768 

8192 
•5236 

49152 
24576 
16384 
40960 

SoUdity = 4289-3a\^ 
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. Find the solidity of a segment of a prolate spheroid, 
>se axes are 36 and 24 ; the altitude being 12. 

lince the minor axis is 24, and the altitude of the segment is 
the content will evidently be one half of the prolate spheroid. 

86 3 

^T — Y 

ee times the revolving axis =72 
ce height of segment = 24 

Difference = 48 
And 48 X f = 72 

144 = (height)^ 

288 
1008 



10368 
•6236 



62208 
31104 
20736 
61840 

Solidity = 5428-6848 



PROBLEM XX. 

9 find the content of the middle frustum of a spheroid^ the 
hf middle diameter^ and the diameter of either end being 
I. 

A.SB I. — TVhen the ends are circles, whose planes are par- 
to the revolving axis, and therefore perpendicular to the 
' ojcis, 

s:. 2. What is the solidity of the middle frustum of a ^ro- 
spheroid, the middle diameter being 4^,\)cAXQk^ ^^^x ^V 
wo ends 30, and the distance of t\ie Vwo «iA^ tiSi'^- 



132 



or 8OL1D0. 

• 




40 
40 


• 


1600 = 
2 


(middle diam.)F 


3200 = 
900 = 


- 3 (midd. diam.)' 
(end diam.)* 


4100 
50 = 


: length of the fr 


205000 
•2618 




13090000 
5236 




: 536690000 





3. What is the solidity of the middle frustmn of ai 
spheroid, the middle diameter being 100. that of eithe: 
ends 80, and the distance of the ends 36 ? 

100 

100 



10000 
2 



20000 = 2 (midd. diam.)* 
6400 = (end diam.)* 

26400 
36 



158400 
79200 

950400 
'2618 



76032 
9504 

67024 

1900B 



Solidity = a488\Vl ^ 
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Determine the solidity of a middle spheroidal frustum, 
e greatest diameter is 24 inches, the diameters of either 
•eing 16 inches, and the length of the frustum 30 inches ; 
pheroid being oblate. 

24* = 576 
2 



1152 =2 (midd. diam.)* 
256 = (end diam.)^ 



1408 

30 = length of the frustum. 



42240 
'2618 

337920 

4224 
25344 
8448 



1728)11058-4320 £ubic inches. 
6'3995 cubic feet. 



II. — When the ends are ellipses whose planes are per- 
pendicular to the revolving axis, * 



I, 2. The maj(^ and minor axes of the middle section of a 
.te spheroidal frustum are 80 and 60 respectively \ ihsiRR, 
ther end are 60 and 45 ; detenxnne Iflbfi ^cS^<SQ^?f ^i^^Sx^o^- 
ita height being 39-686« 

i 
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1 60 =2 major axis. 
60 = minor axis. 



9600 
2700 = 


= product of 60 and 45. 


12300 
39-686 : 


= distance of the ends. 


11905800 
79372 

39686 




488137-800 
•2618 


• 


39051024 
4881378 

29288268 

9762756 




127794-47604 = 


solidity. 



3. The major and minor axes of the. middle section of a 
late spheroidal frustum are 90 and 60 respectively ; the 
either end are 60 and 40 ; determine the solidity of the 
turn, its height being 30. 

180 =: 2 major axis. 
60 = minor axis. 



10800 
2400 = 60 X 40 



13200 

30 = altitude. 

396000 
•2618 

15708000 
23562 

7854 



Solidity = 10367^-BOOO 
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two axes, of the middle section of a prolate spheroidal 
:re 24 and 1 8 respectively ; those of either end are 
find the solidity, its altitude being 10. 

48 = 2 major axis. 
18 = minor axis. 



384 

48 



864f 
48 = product of 8 and 6. 



912 

10 = dist. between the ends. 



9120 
•2618 



52360 
2618 
23562 

Content = 2387'6160 



PROBLEM XXI. 
To find the solidity of a paraboloid. 

What is the solidity of a paraboloid, whose height is 
he diameter of its circular base 100 ? 

•7854 = area of a circle to diam. 1. 
10000 = 100^ 



7854-0 = area of the solid's base. 
30 = altitude. 



2)235620 



117810 = coiiteu\. T^^3^^^. 
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3. Required the solidity of a paraboloid, whose height n9i 
and the diameter of its base 40. 

*7854 = area of a circle to diam.! 
1600 = 40* 



4712400 

7854 



1256-6400 = area of solid's base. 
60 = altitude of paraboloid. 



2)75398-4 



37699*2 = content required. 

4. Required the solidity of a paraboloid, whose height is i 
and the diameter of its base 50. 

•7854 = area of circle to diameter 
2500 = 50* 



3927000 




15708 




1963-5000 




50 


=: altitude. 


2)98175 




49087-5 = 


content. 



5. Determine the content of a paraboloid whose axis is 
inches long, and the radius of its base 8 inches. 

•7854 = area of circle to diametei 
256 = 16^ = (diameter)* 

47124 
39270 
15708 

201-0624 
15 



10053120 
2010624 



Solidity = 150T'96ft cxiJcAc 'm^iV^^. 
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■ 

■" 6. Find the content of. a paraboloid the length of whose axi 
£ 1b 3 feet, and the radius of whose base is 2 feet. 

- -7854 

;» 16 = 4* = (diameter)* 

47124 
7854 



12-5664 

3 =: altitude. 



2)37-6992 
SoHdity = 18-8496 cubic feet. 

PROBLEM XXII. 

^7b find the solidity of the frustum of a paraboloid, when iti 
ends are perpendicular to the axis of the solid, 

Ex. 2. What is the soHdity of the frustum of a paraboloic 
tor parabolic conoid, the diameters of the two ends being 36 an 
' 94 ; and altitude 14 ? 

36^ = 1296 
242= 576 



Sum = 1872 

i 4 = height of frustum 



7488 
1872 

262O8 
•3927 

183456 
52416 
235872 

78624 

Solidity = 10291-8816 
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3. Determine the solidity of the frustum of a parabolic co 
the radii of whose ends are 2 and 3 feet respectivelj, and 
tude 4 feet. 

42= 15 

6* = 36 

52 = sum of squares of diams. 
4 = altitude. 



208 
•3927 

^3141P 
7854 

Solidity = 81*6816 cubic feet. 

4. Find the solidity of the frustum of a paraboloid, thi 
of wjiose ends are 9 and 16 inches respectively, and the a 
1 foot 5 inches. 

182= 324 

32^ = 1024 



1348 = sum of the squares of thee 
1 7 inches = altitude. 



9436 
1348 

22916 
•3927 

' 160412 

45832 
206244 
68748 



8999.1132 cubic inches. 

1728) 

Solidity = 5*207 , &.c, cm\Ac i^^X.. 
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PROBLEM XXIII. 

7b find the solid content of the elliptic ungula d c E cut from 
ontcal frustum whose end diameters and altitude are given, 

Bx. 2. The base and end diameters of a conical frustum are 
and 5 inches respectively, also the altitude of the fi*ustum 
60 inches ; determine the content of the elliptic ungula cut 

m the frustum. 




45 X 6 = 225 = product of the two diameters, 
and V225'= 15 

5 = lesser diameter. 



75 
2025 = 45* = (greater diam.)* 
40)1950 

48-75 

2700 = greater diam. X alt. 



3412500 
9750 

131625-00 
•2618 

1053000 
131625 
789750 
263250 



Solidity = 34459*4250 cubic VncYkS.^. 
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3. If the two diameters of a conical frustum be 16 ai 
inches respectively, also the altitude of the frustum 81 ind 
determine the content of the elliptic ungula cut from the i 
turn, as in Examples 1 and 2, where the ellipse passes thrc 
the edge of the base. 

16 X 4 = 64 =: product of the two diameters. 
VSI = 8 

4 = lesser diameter. 

32 
256 = 16* = (greater diam. 



12)224 



18-666, &c. 

336 = 16 X 21 



111996 
55998 
55998 

6271-776 
•2618 

50174208 
6271776 
37630656 
12543552 

Content = 1641 9509568 cubic inches. 



PROBLEM XXIV. 

Having given the length and middle diameter of a circuk 

spindle, to find its solidity* 

Ex» 9, If the length of a circular 6^v[i^^\)^ ^^\n!i2&s»kWL 
iaiddle diameter 30 : what i& the ^o^^Vj*^. 
I 
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25« + 15« = 625 H- 225 = 850 
.'. \^^ = V = 28.333, &c. = radius of the circle. 

15* = J middle diameter. 



13*333, &c. =: central dist. r o. 
Also 5^3^^ = '264 f nearly = tab. vers, of arc a c. 

Now tab. area to -264 = -165780 
Do. to -265 = -166663 



-000883 
5 

7).004415 

•000630 
•165780 



Tabular area to 264^ = -166410 

3211-03 = (56-666y nearly. 

499230 
166410 
166410 
332820 
499230 

2 )534.34750230 =: area of segment A c b a 
267-17375115= ^ generating area. 
13-333= central distance. 



\f. 80162125345 

80152125345 
80152125345 
80152125345 
•26717375115 



3562-22762408295 

5208-33333333333 = } cube of ^ length. 

1646-10570926038 

\adif thia be multiplied by 12*5664 the ^lodwicX. V^ Vi< 
J Uf S0685'6226 cahic inches, the soUdity tei^^^. 
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3. HaviQg given the length of a circular spindle eqaa 
feet, and its middle diameter 8 inches, to determine ita 
content. 

4* + 12* = 160 
.'. 1^ = 20 = radius of the circle. 
20 — 4 = 16 = central distance. 

Again :fV = To =•! 
And tabular area corr. to •! = .040875 

1600 = (diam.y 

24535000 
40875 



Area of generating segment = 65*400000 

2). 



32-7 = J generating a 
16 = central distanc 



1962 
327 



Cent. dist. X -J gener/ area =: 523*2 
J the cube of 12 = 576* 



52-8 
12*5664 

1005312 
251328 
628320 

• Solidity = 663*50592 cubic inches. 

4. Having given the length of a. circular spindle equ8 
inches, and its middle diameter 10 inches ; to find th 
content of the spindle. 

5* H- 10' = 125 

/ . ^6 _- 12* 5 = radius of the circ 
hence \^*5 — 5 •=. 1'^ =L^:«i!to^^ 
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tab. area corr. to '2 =: '111823 

625 = 25^ = (diam.)- 



559115 
213646 
670938 

Generating area = 69.889375 

2) 

J gen. area = 34*944687 
Central dist. =s 7*5 



1 74723435 
244612809 

262-0851525 



^ of 10^ = 333-3333333 

^ 71-2481808 

12-5664 



2849927232 
4274890848 
4274890848 
3562409040 
8549781696 



Content = 895-33313920512 cubic inches. 

PROBLEM XXV. 

'ofind the solidity of the middle frustum of a circular spindle; 
^mgth of the frustum^ its middle diameter, and that of either 
\e ends being given, 

Ix. 9. The middle diameter of the frustum of a circular 
die is 32 inches, the diameter at the end 24, and the length 
Dches ; determine its solidity. 

Middle diameter =32 

End diameter =24 

Difference = 8 

2)- 

4 =: |. difference='vex«. oiwcc^tt. 



144 OF SOLIDS. 

Now diameter X 4 = 20* + 4* = 416 

.'. diameter of arc a c b =: 104 

Also 52 — 16 = 36 = central distance. 

Again tJ^ = ^ =z -038^ nearly. 

Now tab. areacorr. to "038^^ = '009955 

10816 = 104* 



59730 
9955 
79640 
9955 



Area n c p = 107673280 
And m N E = 480- 



.-. area n b e p c = 587.67328 
Again 52* = 2704 = (radius)* 

36* = 1296 = (cent, dist.)* 



1408 



And V1408 = 37-523, &c. = J length of spindle 

1408 = sq. of ^ length of 

133-3333 = ^sq. of ^ length o 

1274-6667 

20 = J length of frusta 



25493-3340 

21156-23808 = general area X 

■ distance. 

4337-09592 

6-2832 



867419184 
1301128776 
3469676736 
867419184 
2602257552 

1 72 8)a7250'8410ft^54>^ cvxbVe vcLcbes, 
15'770\ cutoivc fe^\.. 
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The length of the middle frastum of a circular spindle is 
t 2 inches, the end diameter is 2 feet 1 inch, and the mid- 
iameter 2 feet 1 1 inches ; determine its solidity. 

Middle diameter = 35 inches. 
End diameter = 25 inches. 

Difference =10 

5 = vers, of arc n c. 



Also diameter X 5 = 25* + 5* = 650 
.'. diameter = 130, and rad. = 65 
Also 65 — 17'5= 47*5 = central distance. 

ow Tfrr = 1^ = '038^ 



area corr. to '0381^ = 009955 

16900=130* 



8959500 
69730 
9955 



L of cir. seg. NCP = 168*239500 
Area of r~l n e = 625* 



rea of n e e p c := 793*2395 =: generating area. 



Again 65* = 4225 = (radius)^ 

(47*5)2 = 2256*25 = (centre dist.)* 

1968*75 

ad (ia68'7S)i = 44*37 = ^ lengOi oi «^Vkv^. 

a 



= sq, of ^ leng'th of spindle- 
= ^ Eq. of half length of fru>. 



1760-4167 
S5 =: ^ length of frustum. 



I. area X cent. dist. 



126(>S08350 
1899462375 
5065233000 
1266308250 
3798924750 
1788)39792^339993000 cubic inches. 
230222 cubic feet, nearly. 
PROBLEM XXVI. 
To find the content of an elliptic spindk 
Es. 2. The length of an elliptic spindle ia 40 inches, the mii 
die diameter 12, and the diameter half way between the 
and the middle is 9'49546 inches : determine its aohdity. 

k3 c D* = 432 
4 p «' = 360-6550424464 
Difference =: 7I'3449575536 
Also 4 p ci = 37-98I84 
I 



Difference = 1-99H 
71-3449575536 



^ence - 



36 nearly, one fourth of whidi A 



1-98194 
9 =: the central distance n o. 

Now Rc = Ro-foc = 9 + 6 = 15 = aemi-conjugt 
And from the nature of the ellipse, 

24 X 6 : 20= : : 15' : (serat-trftnsveree axis)' 
or IS ; SO :- '- 



ll 

a corr- to '2 



167-734500 = eniptic space a 



4O)503'S03500 = 3 times tbe a. 



123-11685 

13-333 = 4 thelength of the spindle. 



36935055 
36935055 
369350S5 
36935055 
12311685 



1477365264945 
1149061872735 
1119061873733 
820758480325 
164151696105 
2578'478427:i477295 



I 



1 mora convenienl toTtmV.WiN'^l ^e'^'o^* 
. Idle, Bud Justly to multiply hy -a^ate.-wViiiiAi ^tSvKWK 
doing we atoid one decimal factor, and iliii* DW.».\ti».«w»^'^'>^*' 
tima by the motbod adopted in Ex. %. 
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3. If the leogth c^ an elliptic spindle be 36 inches, the n 
die diameter 1 8 inches, and the diameter at 9 inches from i 
end be 14*1926 inches : find the solidity of the spindle. 

3 c D* = 972 

4 PQ*= 805-71957904 



Difference = 166-28042096 

Also 4 p Q = 56*7704 
3 c D = 54- 



Difference = 2*7704 

„ 166*28042096 ^^ , r t. ^ ^. i. 

Hence 3:7704 — = ^^ nearly, one fourth of which, 

15 = the central distance. 
Hence 15 + 9 = 24 = one of the semi-axes. 

And from' the nature of the ellipse, 

39 X 9 : 18* : : 24* : (other semi-axis)' 

Hence the other semi-axis = — =. ._ 33^ ^^^^ ^^^^1^, 

Consequently the major and minor axes are 48 and 46,andt 
spindle is evidently described by the revolution of that porti 
of the ellipse which is at the extremity of the major axis. 

Now ^ = ^ = -187^ = tab. vers. 

Also the tab. area corr. to .187^ := '101943 

48 .:= transverse 



4*893264 

46 = conj, 



Elliptic area a c b = 225*090144 

3 



8 timea tke area = 61 ^'il^^^ 
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3 times the area =675*270432 

36) 

18-757512 
Middle diameter := 1 8* 



.757512 
imes the central dist.= 60 



45-450720 
". of middle diam. = 324' 



278-54928 
^ length of spindle = 12 



3342-59136 
1-57079 

3008332224 
2339813952 
2339813952 
1671295680 
334259136 



Solidity = 6250-5090823744 cubic inches. 



PROBLEM XXVII. 

To find the solidity of the middle frustum of an elliptic spindle; 
length, its diameter at the middle and end being given ; also the 
meter which is halfway between the middle and end diameter 
ig known. 

£2x. 2. What is the solid content of the middle frustum of an 
iptic spindle, its middle diameter being 32 inches, its end dia- 
iter 24 inches, and the diameter at 10 inches from the end 
lal to 30*15755 mchea; the whole lengOd ol ^^ ^xw^Xx^ss^ 
^ 40 iBcbea? 



150 or soLiDi. 



3 c D« = 3078 
Nil" =576 



3648- 
4 X (30-1 5756)" = 3637-9136966144 



100863033856 



Also 4 p Q = 130-63094 
N Jl + 3 C D = 120* 



Difference = -63024 



„ 100863033856 ,^ , 

^^^^^ '63024 = ^^' ""^^y- 

And y = 4 ^ the central distance. 

Now 4 + 16 = 20 = semi-conjugate axis. 

Also c B = 16 — 12 = 4 ; and the remainder of the coBJi 
gate is therefore- 36. 

Hence 4 X 36 : 20^ : : 20^ : (semi-transrerse axis)* 
or 12 : 20 : : 20 : semi-transverse. 

.-. semi-transverse = *^ = 33*33, &c. 
and the transverse = 66*66, &c. = 66^^ 

Again ^='1 

And '040875 = tabular area corr. to it 
66^ = transverse axis. 



2*725 

40 = conjugate. 



109*000 = elliptic area of which NCwiiS 
3 arc. 



327 == lilbree \Viii««^ ^^ ^^^ 



r 


1 
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40)327 = three times the eUiptic area. 




8-175 




8- = diff. of middle and end dia 




■175 


, 


33 = S times the central diafiiio 




350 




535 




5-600 




2624 = N n' + a c B^ 


2618-4 




40 ^ length of frustum. 


104736-0 




■2618 = common multiplier. 


837888 




104736 




6S8416 




309478 


27419-8848 cubic inchea.the Bolidity require 


L-{i- . 


a^ 1- 4^* i -ISOQL 19 B verv usefui fbimuls for (be midiilb 


1 or a solid foraiBd by the rerolution of a conio saetioo obootits aula. 




ne ttiB greatest and ]est>t diameter, m tile middle diameter, 
oFtheJruatum. 


SIX 


xamples of Epindies, their frustums, &c., it btppeus IhtC 


tTBl dlstan 


ce Is found to bo not afinite number : but we must always 




ntegor to be the central distuice : for when we consiiVBT 


domitctu 


happen tliat tbe quuitit7 Hsm integer, even though the 


m eIlipBBi.CBliitBSErB, it is etideot tliM the fraction ^P* * ^'^^ 






HmoA H 


cases, ba of an indetenninato vilue.-For all i.ciicti«l 


■, tlie alitirt fonnuli just eiieii, BIidnhicliii(t,v^\>i\u^6.\'D.'0»c S.'i- 
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PROBLEM XXVIII. 

To ^ find the content of a parabolic spindle, 

Ex. 2. The length of a parabolic spindle is 15 ii 
the middle diameter is one foot : determine the con^ 
spindle. 

Middle diameter =12 inches. 

12 



Sq. of midd. diam. = 144 
Length = 15 



2160 
'418879 common multiplier. 

25132740 
418879 
837758 



904-778640 



3. If the middle diameter of a parabolic spindle 
and its length 9 feet, what is the solid content of th 

Middle diam. = 3 

3 

Sq. of middle diam. = 9 
Length = 9 

81 
Common multiplier '418879 



418879 
3351032 



Solidity = 3^-9^9 V^^ cv^wiiaeX, 
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I, Find the content of a parabolic spindle whose length is 
inches, and middle diameter 15 inches. 
Middle diam. = 15 

15 



3q. of midd. diam. = 225 
Length = 28 



6300 
'418879 

125663700 
2513274 

1728) 2638-937700 cubic inches. 

1*5271 cubic feet. 

PROBLEM XXIX. 

b determine the content of the middle frustum of a parabolic 

spindle, 

ilx. 3/ Determine the solid content of the middle frustum of 
arabolic spindle» its middle diameter being 32 inches, end 
neter 24 inches, and the length 40 inches. 

Middle diameter = 32 

32 

64 

96 

1024 

8 



[DCS the sq. of midd. diam.= 8192 
mes the sq. of less diam. = 1728 
mes the prod, of diam. =3072 

12992 

40 = length. 

519680 
Common multiplier ^ '05236 

3118080 
155904 
103936 
259840 

SoUdity =27210-44480 cx3l\>Vr m^^'a*. 
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3. Find the capacity of the middle frnstum of a ] 
spindle, its end diameter heing 3 feet, middle diametc 
and length 7 feet. 

' Middle diameter ^ 5 

25 

8 

8 times the sq. of mid. diam. ^^ 200 

3 times the sq. of the less. = 27 

4 times the prod, of diams. = 60 

Sum = 287 

7= length. 

2009 
•05236 



47124 
10472 



Solidity = 105' 1 9124 cahic feet 
PROBLEM. XXX. 

RULB I. 

To find the solidity of an hyperboloid. 

Ex. 2. The altitude of an hyperboloid is 50 inches, 
dius of the base 52, and the middle diameter 68 inch( 
the content of the solid. 

Radius of the base = 52 

52 

104 
260 



2704 
(Middle diameter)* = 4624 

7328 

50^= height. 

366400 
Common multiplier = '5236 

2198400 
10992 
7328 



SoUdityB \9Vft4TOA0Q coSaiRViMSbiaL 
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3* If the altitude of an hyperboloid be 15 inches, the radiu 
r its base 16 inches, and the middle diameter 20 inches ; whs 
the solidity? 

Radius of the base =» 16 

16 

96 
16 



Sq. of rad. of the base =3 356 
' Sq. of middle diam. =s 400 



656 
Altitude of the solid s= 15 



3280 
656 

9840 
-5236 

209440 
41888 
47124 



Solidity - 5152-2240 cubic inches. 



RULB !!• 

find the solidity of an hyperboloid, supposing the major axii 
of the generating hyperbola to be given. 

£z. 2. The altitude of an hyperboloid is 40, the raduu. ^iv^: 
Be 48, and the major axis of the geiieiutki^\i^^^€i^^QK^*^^'^ 
i the content of the solid. 
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Diameter of the solid's base = 96 

96 

576 
864 



9216 
Area of a circle todiam. 1= '7854 



36864 
46080 
73728 
64512 



7238*2464 

20 = J altitude. 



^ area of base X alt. = 144764-9280 

Hence 120 + 40: 120 + 26f : : 144764-928 : c 
or, 160 : 146f : : 144764-928 : content. 
80 : 73| : : 144764*928 : content. 

73* 



434294784 
1013354496 

10567839-744 

48254-976 for ^ 

80)10616094-720 

Solidity = 1 32701 - 1 84 cubic inche 

PROBLEM XXXI. 

To find the solid content of ike frustum of an hyperhoi 

Ex. 2. Find the solidity of the frustum of an hyperboloi( 
beif^t 18 12 inches ; the diameter of the greater end be 
^e diameter of the leader esu^ ^ m^«& \ ^^^ '^^ 
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greater ^ diameter =: 25 
lesser -J diameter = 9 
middle diameter = 72*25 



106-25 

12= altitude. 



1275- 
•5236 

7650 
3825 
2550 
6375 



Solidity = 667*5900 cubic inches. 



'he altitude of a hyperbolip frustum iis 8 inches, the 
* diameter 14 inches, and lesser diameter 9 inches, also 
idle diameter 10*873 inches ; required the content of 
stum. 

greater semi-diam. = 49 

lesser semi-diam. = 20*25 

middle diam. = 118*222129 « 



187*472129 

8 := altitude. 



1499*777032 
•5236 

8998662192 
4499331096 
2999554064 
7498885160 



Solidity = 785*8832&d955^ c»\;\&\iL<c^'»b. 
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4. The altitude of an hyperbolic frustum is 10 inches, 
greater diameter 26 inches, and the lesser diameter 14 inc 
also the middle diameter is 19*788 : determine the solid i 
tent of the frustum. 

Sq. of greater semi-diam. = 169 
Sq. of lesser semi-diam. = 49 
Sq. of middle diam. = 391 '564944 

609*564944 

10 = altitude. 



6095*64944 
-5236 

3657389664 
1828694832 
1219129888 
^3047824720 

1728)3191-682046784 

1*8473 cubic feet. 



PROBLEM XXXIL 

To determine the surface of a circular spindle whose lengt 
and breadth or middle diameter are given. 

Ex. 2. Determine the superficial content of a circular spi 
"whose length is 48 inches, and its middle diameter 30 incl 

Here 24* + 15^ = 576 + 225 = 801 
.•. %y = 26*7 = radius of the circle, 
and 26*7 — 15 = 11*7 = central distance. 

Now in order to find the length of the revolving arc 
>' ' ^chord)? of half tlie arc kc^ =. %Q\ .• .\5afc dvar 

^801 = 38*302. 



226'4I6 =: 8 times the chord of } arc. 
48 = chord of whole arc. 



59-472 = length of arc acb, nenrly, 
117^ central Stance. 



695-8S3* = arc X central distance. 
1281-6 = length of spindle x rad. of arc. 



urface = 3680-55781632 sq. inches. 



OTE. The art A c B is more nearly equal to 5g GTB4 than to 59-472, for 
rule In Frohlem XII. la not a very near approximation, and if the 
aer value were useii, the surlace a! the spindle would be equal to 
$-3846 square Inches, nearly. 

). Find the superficial content of a circular spindle whose 
gth is 18 inches, and middle diameter 8 inches. 

Here 9' + 4^ = 81 + 16 = 97 

13-125 = radius of the circle. 




Bad 19-lS5—i = 1-125 = cotXtA 
(cbord)^ of i arc A c B = 37 
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.-. chord of J arc A c B =V97 = 9-849 

8 



78-792 
18- 

3)60-792 



Length of the arc a c b = 20*264 
Central dist. = 8-125 



101320 
40528 

20264 
162112 

Arc X central distance = 164*645000 
Length of spindle X rad. = 218-25 



53-605 
6-2832 

107210 
160815 
428840 
107210 
321630 

Surface = 336*8109360 sq. inches, 



4. Determine the number of square inches contained in t 
surface of a circular spindle whose length is 3 feet, and mi 
die diameter 1 foot 6 inches. 

Here 18^ + 9^ = 324 + 81 = 405 

and ^ = 22*5 = radius of the circle. 

' "«rd)» of 4 arc xcb = ASi^ 
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chord of i arc A c B = 201221 

8 



hues chord of J arc = 160-9768 
ord of whole arc = 36 



3)124-9768 



gth of the arc A B = 41*6589 
Central distance = 13*5 



20a2945 
1249767 
416589 



re X central distance 562*39515 
:h of spindle X radius 810* 



247-60485 
6-2832 

49520970 
74281455 
198083880 
49520970 
148562910 

Surface = 1555*750793520 sq. inches. 



PROBLEM XXXIII. 

d the superficial content of the middle frustum of a circula 

spindle. 

. 2. Find the superficial content of a wine pipe in the fom 
ircular spindle, whose length is 6 feet, hung diameter i 
md end diameter 2 feet. 

Here 3» + (^f = ^ 

.•. V "^ 1 = V = ^*®^ = radi\» oi tJaa ^^^, 
and 9-25 — 1*5 = 7*75 = cei[i\.T«^ ^%X»si^« 



Svw in order ra ind ^ lenzth of die oe sr c p, «ek 

' 'ahcri ,- :f J 3f c p = Y = 9**5 
.-. chord cf i src ar c F ^ 3'04I3d 

8 



* timea chord cf J arc = U-33I04 
Chord ex whcie arc ^ 6 



3)15-33 IM 



Length cf arc y c p = 6'11035, xieariv. 
Central distance ^ 7' 75 



3055175 
42772^ 
4277245 



Arc X central distance ^ 47*3553125 
Lenarth x radius = 55*5 



81447875 
6-2S32 

162895750 
344343625 
651583000 
162895750 
488687250 

Surface = 51 17532882000 sq. feet. 



3. If the length of the middle frustum of a cu-cular 
hb 25 inches, the middle diameter 13 inches, and end d 
i) inches ; what is its superficial content ? 

ifere (12-5)2 + 22=160-25 
... 1 0.0.-2B = 40-0625= radius of the circle. 

and 40-0625— 6-5 = 33-5625 = central distant 
Likewise (chord)* of % wcc « c u = \^-^^ 
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iord of ^ arc N c p = 12*66, nearly. 

8 



101-38 
35 

3) 76-88 



length of the arc ^ 35*48 

33-5635 



671250 
1342500 
1678125 
671850 



X cent dist. = 853*158750 
^th. X radius =1001-6635 



148-40375 
6*2832 



89680750 
44521185 
118723000 
29680750 
89043350 



Surface = 932*450443000 sq. inches. 



. Determine the superficial content of the middle frustnn 

i circular spindle, whose length is 44 inches ; the middl 

end diameters being 18 inches and 14 inches respectively 

Here 33» + 8» = 488 

/. *f 8 = 122 = radius of the circle, 
and 182 — ^9 =: 113 = cexxtnl ^Xkelq^* 
Likewite (cbbrd)* of •)• arc h o v :^ 4%^ 
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.-. chord 4 arc = 22*0907 

8 



176-7256 
44 

'3)132-7256 . 



Length of arc n c p = 44*2419 

113=centraldist. 



1327257 
4866609 



Arc X cent. dist. = 4999-3347 
Length X radius = 5368* 



368-6653 
6-2832 

7373306 
11059959 
29493224 
7373306 
22119918 

Surface = 2316-39781296 sq. inches. 



5. What is the superficial content of the middle ^ist 
a circular spindle, whose length, middle, and end diai 
are 100, 50, and 30 } 

Here 502+10^ = 2600 
.-. 2|$o = 130 = radius of the circle. 
Hence ISO — 25 ^ 105 == central distance. 

Aino (chord)* oi % arc « cu = <i^jS» 
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.•. chord of J arc N c p = 50*9901 

8 



8 times chord of | arc = 407*9208 
Chord of y^hole arc = 100* 



3)307-9208 



Length of arc no p = 102*6402 
Central distance = 105 



5132010 
1026402 



Arc X central dist. = 10777*2210 
Length X radius = 13000 

^222*779 
6*2832 



4445558 
6668337 
17782232 
4445558 
13336674 

Surface = 13966-1650128 sq. inches. 



OF THE REGULAR BODIES. 

PROBLEM I. 

To determine the solid content of a tetrahedron. 

Ox. S. JFliad the solid content of a tettdcL<e^^Ti^V<;^»fo ^^"^^ 
ichea. 



166 OP BEGULAR BODIES. 

Tabular multiplier =: '1 1 785 r= content of a tetnbednm 

37 [ad 

82495 
S3570 



Solidity s= 3*18195 cubic inches. 



3. Determine the solidity of a tetrahedron whose lii 
is 6 feet. 

Tabular multiplier = -11785 

216 = 6» 



70710 
11785 
23570 



Solidity = 25*4556 cubic feet. 



4. If the side of a tetrahedron be 4|- inches ; deter 
content of the solid. 

Tabular multiplier = •11785 

91*125 = (4-5)» 



58925 
23570 
11785 
11785 
106065 

SoUdity = 10*73908125 cubic inches. 



PROBLEM II. 

3b determine the superficial content of a tetrcthed 
fir. 9. Find the surface oi a VeXx^^^otk^ -^V^aaR. 
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inltiplier = 1'73205 ^ surface of a tetrahedron whose 
23 [side is unity. 

866023 
34641Q 
Surface := 43'a01:i5 aq. inches. 



. Find the surface of a tetrahedron whose linear side ia 7 



Surface =: S4'87045 sq. inches. 



ia 7 

I 



.f R := the radius of the circumscribed sphere, ^ ^ that of 
inBcrihed sphere, X =: a linear side of the solid, p ^ the 
Die surface of ditto, and s ^ the solid content, ne canea^y 
Ince the following equations : ^h 

e = ,^xV6- ^ 

K=ixV6 _ _ ^H 

^ = (^ J!_V3)1 = (6^s V2)J 5= |_H Vti = 2^ V6 ^ 

p = ?.» V3j= 6{8Va)J = f B'va = 24 fya 

B = J XVS = ^ p {2 p v^3)i = ^^ «V3 = 8 fVa 
a = ^ X Ve = J CS p V3)i = f (J s V3)* = 3 J 
e = -^ X V6=tV (3 P V3)t = i (J s V3)J = J B. 
With regard to the hexahedron or cuhe, the diameter of the 
scribed sphere is evidently equal to a linear side of the cuhe ; 
A the diameter of the circumscribed sphere is equal to a dia- 
mal of the cube ; hence, retaining the same notation, we shall 
itain the following equations : 

1. X = V|^ p = vr_ = f B va = 2 J 

2. p = 6>? =6 Vs' __ = 8 r' _ = 24 j» 

3. s = X3_= ^ p Vip = i RVa = 8 g'_ 
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PROBLEM III. 

To find the solidity of an octahedron, 

Ebc. S. Determine the solid content of an octahe 
linear sijie is 4 inches. 
Tab. multiplier = '4714 = content of an oct. w 

64=4^ 



18856 
28284 



Content = 30*1696 cubic inches. 



3. If the linear side of an octahedron be 8 feet 
the content of the solid. 

Tab. multiplier = '4714 

512=8' 



9428 
4714 
23370 

Content = 241.3568 cubic inches- 



PROBLEM IV. 

To find the surface of an octahedron. 

Ex. 2. Find the superficial content of an octahe 
in ear side is 3 inches. 

Tab. multiplier = 3-4641 

9 = 3* 



Surface = 31; 1769 sq. inches. 



temiine the super&cul coii\.e;ii\. cA ^xl ^^\a^< 
is 4 inclieB. 
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Tab. multiplier = 3*4641 

16 = 4» 



207846 
34641 



Surface =i $5*4256 sq. inclies, 



4. If the linear side of an octahedron be 2^ fe^et, what is the 
iperficial content? 

Tab. multiplier ^ 3*4641 

6*25 r=: (2-5)* 

173205 
69282 
207846 



Surface = 21*650625 sq, feet. 



Tlie following equations, expressing the relation between the 
everal dimensions of the octahedron, are eadily reduced. 

. ^= Qp V3)i = (f s V2)ir = R V¥ = ^ V6 
. f = 8 X«V3 = 6 (i sV"3)J = 4 rV3 = 12f V3 

p. » = iXVi =(^^) =a 8> = fV3 

». ^ = *xV6 ^i(?Va)i* = (^a73)^^JrV5 

PROBLEM V. 

To determine the solidity of a dodecahedron. 

bu 9. If the linear side of a dodecahedron be \ iooX. vcL\«Q:g^^ 
It h iU solidity f 
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Tab. multiplier » 7.66312 



Content s= 7*66312 cubic feet 



3. The linear side of a dodecahedron ia 3 feet ; det 
the content of the solid. 

Tab. multiplier = 7*66319 

27=3» 



5364184 
1532634 



Content r= 206'90424 cubic feet. 



4. A dodecahedron has its linear side equal to 2|- in 

find the content of the solid. 

Tab, multiplier = 766312 

15*625 = (9-5)» 

3831560 
1532624 
4597872 
3831560 
766312 



Solidity = 119*73625000 cubic inches. 



PROBLEM VI. 

To find the superficial content of a dodecahedro 

^"^^ 9. The linear side oi a dod^wiSaa^xa^SAY^Vasi 
Wficial content oi t^ie i^oM^I 
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Tab. multiplier = 20-64573 

169 = 13* 



18581157 
18387438 
3064573 



144)3489 1283 7 sq. inches. 

94-2335 sq. feet. 

If the linear side of a dodecahedron be 2^ feet, what is 
uperficial content of the solid ? 
Tab. multiplier = 30*64573 

6-35 = (3-5)* 

10332865 
4139146 
13387438 



Surface = 139035813 5 sq. feet, 
^ning the former notation, we shall find, that 

= {lh (^—2^5)* }*= ^l (470-210V5)i|^ 

-. ? (V15— V^) = ^ J 50— 22 V5|i 

= 15 X*{i (5 + 3 V5)|i = ^lO 8« (130—58 V5>|J 
=: 10 R*|i (10--3V5){4 = 30 f (130— 58V5)i 

= 6X*{^V(*7 + 31 V5)'}i = ^^|(650H-390 V5)i^^ 

= ^{V16 + V3J = ^|^(10+2V5)Jp 
= |^(90-30V5)i|* = {1 15-6V5}i 
= ^i^^+ no V5}4 = ^$'^^(650+290 V5)i^^ 



i 
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PROBLEM VIL 

To determine the solidity of an icosahednm. 

Ex. 2. If the linear side of an icosahedron be 3 iodm, 
the content of the eolid. 

Tab. multiplier = 2*18169 

27 = 3* 



1527183 
436338 



Content = 58*90563 cab. inches. 



3. Find the content of an icosahedron, whose linetrs 
one foot. 

Tab. multiplier = 2-18169 

1 = V 



Content = 2' 181 69 cubic feet. 



PROBLEM VIII. 

To find the superficial content of an icosahedron, 

Ex. 2. Find the superficial content of an icosahedron 
linear side is 3 inches. 

Tabular multiplier 8*66025 

9 = 3* 



Surface = 77*94225 square inchea. 

3. If the linear side of an icosahedron be 4 inches, « 
its superficial content ? 

Tabular multiplier 8*66025 

16 = 42 



5196150 
866025 



Surface 2=1 \aft*^^AQK5 %^%x^*vDii^Qssi^, 
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le same notation being retained, we shall find with regard 
e icosahedron, that 

= R Vi (10— 2V5) = f (43—18 V5)i 
= 5 XV3 = 3 |sM:70V3— 30V15)JJ _ 
= 9 R* |5V3— V15} = 3 f* {7V3— 3V15| 

= ^li(7 + 3V5)}i=^|^(7V3 + 3VT5)H 
= -^{10 + 2V5}4 = 10 g? |7V3— 3V15} 

= ^{i(5 + V6)}4=|{^(5V3 + Vr5)U 
= {^JA(5-V6)|4}*=^|15-6V5| 
= ^U(7+3V5)}4 = |{T3^(7V3 + 3Vl5)}i 
= ||7Af (7V3+3Vr6)H = 1^ I A (5+2V5)J4 



ON CYLINDRICAL RINGS. 

PROBLEM I. 

To find the convex surface of a cylindric ring. 

:« 3* The inner diameter of a ring is 16 inches, and its 
ness 4 inches ; what is its superficial content ? 

16 s= inner diam. 
4 = thickness^ 

20 

4 = thickness. 

lb 

9-8696 



Surface &= 789*5680 square inches. 



The tMckness of a ring is 3 mcYke^, «cA v\.% yolW^ ^^- 
/ foot; what is its superEcial cont,eii\.1 
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12 = inner diam. 
3 = thickness. 

15 

3 =: thickness. 

45 

9-8696 

493480 
394784 

Sarfiace := 444*1320 square inches. 

4. The thickness of a ring is 4 inches, and its izuu 
eter 18 inches ; what is its convex superficies? 

18 = inner diam. 

4 = thickness* 

22 
4 := thickness. 

88 
9-8696 



789568 
789568 



Surface = 868*5248 square inches. 

5. If the thickness of a ring he 3 inches, and 
diameter 18 inches; what is its convex superficies? 

18 = inner diam. 
2 = thickness. 

SO 

2 = thickness. 

40 
9*8696 



Surface = 39V7SAO *c^«x^ mOae^, 
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PROBLEM II. 

I 

To find the solid content of a cylindrtc rmg. 

8. Find the solidity of a cyliDdrical ring whose thickn< 
ches, and inner diameter 8 inches. 

8 = inner diameter. 
3 = thickness. 

11 

9 = 3*=: (thickness)^ 

99 
2-4674 



833066 
833066 



Content = 844*2736 cubic inches. 



f the inner diameter of a cylindric ring be 18 inches, i 
>kness 4 inches: what is the solid content? 

18 =r inner diameter. 
4 = thickness. 



88 

. 16 = 

353 
8-4674 


4* 


• 


(thickness)* 


49348 
133370 
74033 


1 



Content = 868*5248 cu\nc iiiO[i<^% 
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4. Required the solidity of a cylindric ring wIioBe dii 
is 2 inches, and inner diameter 13 inches. 



12 = 
2 = 


inner diameter, 
thickness. 


14 
4 = 


2« = (thickness)* 


56 
8-4674 




148044 
123370 




138*1744 cuhic inches. 



5. Determine the solidity of a cylindric ring whose t 
is 4 inches and inner diameter 26 inches. 

26 = inner diameter. 
4 = thickness. 

30 

16 =s^>» (thickness)^ 

480 
2-4674 

1973930 
98696 

Solidity = 1184-3530 cubic mches. 



6. "If the thickness oi a cf^^u^xvaJL ffia%\»'l\"\a 
'>« inner diameter 14^ mcbea ; Ni\»X. Va"\\& uJ^fssti 
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14-25 = inner diameter. 
2*5 «= thickness. 



16-75 
6-25 s= (2'Sy sa (thickness)* 

8375 
3350 
10050 



104-6875 
2*4674 



4187500 
73 28125 
6281250 
4187500 
2093750 

Content = 358*30593750 cubic inches. 



ARTIFICER'S AND GLAZIER'S WORK. 

:. 9. If a pane of glass be 3 feet 8f inches long, and 1 

b inches broad ; how many square feet does it contain ? 

ft, in, pts. 

Length =389 
Breadth =14 



3 8 9 
10 11 



Surface required ==? 3 7 8 

Determine the cost of glazing ^ tnsca^oSi&x ^\A^^ ^ 
fer foot^ euppoaing the base to \>e ^ i^^\. ^vcv^^^>*^ 
rpendicnkr height 4 feet 9 lucheB. 

h2 



1 78 glazier's wobk« 

ft, Vli. 

6 6= base. 

4 9 ^ altitude. 



S6 
4 10 6 

30 10 6 = area of window according to the 
dt^. is i 7 8 7 6 

20) 38 7 1 6 

Ans, £ 1 18 7 nearly. 

4. There is a house having 3 rows of windowf 
windows in each row or tier, also the In'eadth of ead 
is 3 feet i 1 inches ; required the expense of glazing 
at 14c?. per square foot» supposing the length of a 
in the 

1 St tier to be 1 ft. 10 «». 
2d tier to be 6 8 
3d tier to be 5 4. 
ft, in. ft, in, 

3 X 7 10 = 23 6 
3x6 8 = 20 
3x5 4 = 16 



iim of the lengths of all the ^ -^ ^ 
windows j ^ . 



178 6 

54 6 6 

Area of all the windows = 233 6 

2d, is i 38 10 1 



20)271 10 7 



Answer la fc\a W \^\i«8A^. 



olazisr's work. 179 

5. There ia a house having three tiers of window, three in a 
er ; theleng^ of a window in the 

lowest tier is 7/^ 9 in, 

middle tier 6 6 

highest tier 5 3-}-; 
Iso oiver the door a circular window whose diameter is 1 foot 
0}- inches ; determine the charge of glazing these windows at 
ddm per sq. foot, their common breadth being 3 feet 9 inches. 

feet. in. feet, in, 

3X7 9 = 23 3 

3X6 6 = 19 6 

3X6 3i— 15 9f 



Sam of dl the lengdis. = 58 6 9 
Common br^th := 3 9 



175 8 3 

43 11 1 7 

Area of an the windows t= 819 7 4 7 
Area of circular window =36 



223 1 4 9 

Irf. istt 18 7 1 4 

20)241 8 6 1 

Answer £12 1 8^ 



6. There is a house having 4 tier of windows; 4 in each 
tier : the length of a window in the 

lowest tier is 7 ft. 4 in. 

2d tier 6 

3d tier 5 6 

4th tier 4 

TRto will be the expense of glazing theae Vm^o^^ ^\.\s.^^ 

per£)ok their common breadth being aB m X\i^\««X ^-i»5K^^' 
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paintsr's wobk. 


fdet. 


tn. feet. In. 


4X7 


4 = 29 4 


4X6= 


0=84 


4 X ff 


6 = 22 


4X4 


0=16 



Sum of all the lengths &= 91 4 
Common breadth :s 3 9 



274 

68 6 

348 6 

€(2. is i 171 3 . 



80)513 9 



£25 13 9 answer. 



PAINTER'S WORK. 



Ex. 2. How many square 3rards are contained in 
of a room whose height is 1 6 feet 6 inches, and co 
feet 9 inches ? 



feet., if*. 
97 9 
16 6 



1564 
48 10 6 


9)1612 10 6 


Ans. n^ \ Vi ^ 
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By Decimals. 
97-75 
16§ •• 



48875 
58650 ' 
9775 

9)1612-875 

1 79-208 sq. yards. The answer. 

be height of a room is 14 feet 10 inches, and the cir- 
mce or compass 21 feet 8 inches ; how many square 
oes it^ contain ? 

feet* in, 
SI 8 
14 10 



303 4 
1& 8 

9)321 4 8 

Ans^ 35 6 nearly. 



[ow many square yards of painting are there in a room 
is 13^ feet 4 inches high, and 65 feet 6* inches in compass } 

feet. m. 
65 6 
12 4 



786 
21 10 



9)807 10 
Ans. 89 6 



I 
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5. A glazier painted a room at 8tf per yard. Tbe < 
are as follow : 

The height of the room hllft. 7 in. 
The girt or compass 74 10 

The door 7 6 by Sft. 9 m. 

Five window shutters, each 6 8 by 3 4 
The breaks in the windows 14 by 8 
The chimney 6 9 by 5 ' 

A closet 3 6 by 1 1 7 with 

front; with shelving 88 6 by 10;wha 

cost, supposing the shatters, doors, and shelves to 
on both sides ? 

feet, in* 
6 9 
5 





33 9 = chimney spac 


feet, 
74 
11 


in, 

10 

7 


823 
43 


8 
7 10 


866 
33 


9 10 

9 to be deducted. 


833 


10 — area of the room. 




feet, in, 
7 6 = door*s length. 
3 9 = breadth. 




22 6 
5 1^ 




i^% \ ^^i^vra^^ 
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ea of shutter r 
f 5 shutters = 


feet 
6 
3 

20 
S 

= 22 
: 111 


. iru 
8 
4 


8 

2 
1 


• 

8 

8 
6 


ofthe break is 
Width 


:feet. 
= 8 
= 3 


in. 



4 






11 


4 
10 




h of break = 


113 

1 


4 
2 






113 
18 


4 
10 


• 

8 


the breaks == 


132 


8 


8 


Closet's depth 
Frontage 


feet. 
= 3 

= 4 


in. 

6 
9 






8 


3 
8 






16 
11 


6 

7 height. 




181 
9 


6 
7 


6 


eaofdoaetss 


191 


1 


6 



18. 



1 84 paviour'b WOftK. 



feet, in. 

28 6 = length of a ihdf. 
S 



45 
10 = breadth. 



37 6 Bs area of ahelTes. 

833 10 = area of the ro 

28 1 6 = areaof door. 

Ill 1 4 =B areaof thesh 

138 2 8 = area of the bi 

191 1 6 «s inside area of 



9)1333 1 


10 


148 1 


6 


)w6(f.isiU.74 
U. is \U, 24 8 


9 
3 


20)98 9 





Am. £4 18 


9 



PAVIOUR'S WORK. 

Ex. 2. What is the cost of paving a rectangular foot 
3«. 4d per yard ; the length being 35 feet 4 inches, and 



3 feet 3 inches ? 

feet, in, 

35 4 

3 3 

106 
8 10 



9)114 10 



12 9 l&c. 
3 



Cost at 3«. per yard 38 3 3 
4rf.i8jofl8. 4^0 
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L rectangnlar court yard is 42 leet 9 inches long, and 
6 inches wide ; also a footway goes quite through it» 
5 feet 6 inches in breadth ; the footway is laid with stone 
yd. per yard, and the rest with pebbles at 3s. per yard : 
rill the whole come to ? 

feet, in. 
Length of path = 68 6 
Breadth = 5 6 



342 6 
34 3 

9)376 9 



41 10 4 = area of path. 
3 



125 7 
6d. isi 20 11 8 



20)146 6 S 



£ 7 S S sa cost of paving the 
' path with stone. 



feet, in. 

Width of court = 68 6 

Length = 42 9 

2877 

51 4 6 

9) 2928 4 6 

Area of the court = 325 4 6 

41 10 4 
•ea of- pebbled part = 283 6 8 

3 

80) 850 6 6 

42 10 6^ 
7 6^ 



£49 17 0\ ^:s csi^V x^^a^jsss^^ 



I 
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4 . Find the expense of paving a rectaDgular ooiirt-yard,i 
length is 63 feet, and breadth 45 feet ; sappoBing thtt il 
tains an unpaved walk in the form of a drciikr ring i 
breadth is 2^ feet, and inner diameter 19 feet : the nteol 
ing being 3«. a square yard. 

By Rule II. in Problem XIV. for finding the area of i 
cular ring, we have 

S4 := sum of diameters. 
14 = (Hfference of diameters. 



336 

•7854 

47125 
S3562 
33562 



263-8944 = area of circular path. 

63 = length. 
45 = breadth. 



315 
252 



2835 = area of &e yard. 
263-8944 



9)25711056 = area of paved p 

285-6784 sq. yards. 
3 



857-0352 shillings. 
12 



-4224 pence. 
4 
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PLUMBER'S WORK. 

L gentleman wishes to have the roof of bis house covered 
ead which will coat I9s. per cwt. The length of the 
s A3 feet, and breadth or girt over it 32 feet ; also the 
ing is 60 feet long and 2 feet wide : what will be the 
upposiiig the roof to contain 9 lb. to the square loot, and 
tter to contain only 8 ib, to the square foot ? 

43 = length of the roof. 

32 = girt over it. 



1376 =: no. of sq. feet in die root 

and 120 ^ no. of sq, feet in the gutters. 
Also 1376 X 9 = 12384 lbs. of lead. 
ISU X S = 960 lbs. 



113)13344 

119-14285 cwts. of lead. 

— - i 

107998663 ^M 

11914385 ^H 

9963-71415 shillings. ^M 

— - M 

8-56B80 ^^M 

— - m 

3-97990 



Aas. £lI3. 3*. SJrf. 

iTiat will be the expense of a lead covering for the roof 
shoir of York cathedral ; supposing the length of the 
be 910 feet, and the girt over it 80 feet; also the gut- 
be 4 feet wide, of the same leBgtKBftVHexwA.'raAx.'i 
9 lbs. to the square foot : the twjI ccnAw-wa-^ ■i^'i *■ 
of 8 Ibe. per square foot^ 



188 CARPENTER^S AND JOINBR''t WORK. 



810 

4 



840 =B area of gatter. 
9 

7560 lbs. of lea^ in ^tter. 



Length of roof = 210 feet. 
Girt over it == 80 

Area of roof = 16800 sq. feet. 

8 

No. of lbs. in the roof «= 134400 
No. of lbs. in the gut. =^ 7560 



112)141960 



1267-5 cwt. of lead. 

198. = price of 1 cwt. 



114075 
12675 



24082-5 = 24082^. Sd. 
20). 



£1204 8 e Ans.r 

CARPENTER'S AND JOINER'S WORK. 

Ex. 2. A floor is 53 feet 6 inches long, and 47 feet 9 
broad : how many squares will it contain ? 
feet, in, 
53 6 = length =i:53-5 feet. 
47 9 = breadth = 47*7 5 feet. 

23875 
14325 
23876_ 

106 )255"4-625 



A'a&« ^^ ^^sjcffiocnib. 



CARPBNTER S AND JOINER^ S WORK. 189 

partition is 91 feet 9 inches long, and li feet 3 inches 
how many squares will it contain ? 



feet. 


in. 


jngth =91 


9 = 91-75 feet. 


•eadth = 1 1 


8« 11-25 feet- 




45875 




18350 




9175 




9175 



100)1032-1875 



10 squares, 32 feet ; the miswer. 



' a house within the walls he 44 feet 6 inches long, and 
t 3 inches broad ; how many squares of roofing will 



t • 



feet, m, 

18 3 = 18-25 feet = breadth. 
9-125 sa J breadth. 



27-376 «a girt over the roof. 
44*5 as length of the roof. 



136875 
109500 
109500 



100)12181875 



12 squares, 18 feet; the answer. 



f a house measure within the walls 52 feet 8 inches in 
. and ^0 feet 6 inches in breadxk, %:a^ ^^ xosA \sfc ^\ ^ 
ch : what will it coat rooftng «X \0«* ^d. ^« ^jj^satO. 
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30 6 = 
15 3 = 


breadth. 
: i breadth* 


45 9 = 
52 8 =: 


girt over the roof, 
l^gth of the roof. 


2379 

30 6 

2409 6 

10 

24095 

6d.in^ 1204 9 

100)25299 9 


• 


252*99 
12 




11*88 
4 

3*52 


Ans. £12 1 



6. What will be the cost of yrainscotting a room i 
per square yard ; the height, induding the cornice an 
ings, being 1 2 feet 6 inches, and the circuit of the ro< 
83 feet 8 inches. Also there are three window- shutt 
7 feet 8 inches, by 3 feet 6 inches, and the door 7 f( 
feet 6 inches ; the door and shutters which are worked 
sides, being reckoned work and a half? 

feet* in* 

7. 8 

3 6 

23 

3 10 



26 10 
3 



80 6 

Aft ^>o €vci^^^-tV%ad a 
\^0 ^ 
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feet, in, 
8 6 
7 



84 6 

12 3 beiDg work and half. 



36 



feet, in, 
12 6 =3 height of room. 
83 8 = circuit. 



1037 6 
8 4 



1045 10 
ted on account r 80 6 
vs and door. \ 24 6 
room as single ^ 940 10 
ork. / 120 9 

36 9 



9)1098 4 



Sq. yards 122 5 4 

5 



Price at 59. 610 2 2 8 
edisi 61 10 



20)671 2 3 6 



£S3 II i& auvvi^x t^Q{CKt^^* 



198 brioklatbr's wobx. 

BRICKLAYER'S WORK. 

Ex. S. How many rods of standard brick- work a 
a wall whose length is 57 feet 3 inches, and heigh 
inches ; the wall heing 2^ bricks thick! 

feet. in. 
Length ss 57 3 
Height B 84 6 



1374 
88 7 6 



1408 7 6 = superficial cont^t 1 
5 =« no. of I^JMicksinth 

3)7013 1 6 

*878)M37 8 6 

Ans. 8 rods, 17 sq. yards, 6 sq, fee t, t 

3. Required the content of a wall which is 68 fc 
long, and 14 feet 8 inches high, the thickness beinj 

feet, in, 

62 6 
14 8 



675 

41 




8 


916 


8 
5 


3)4583 


4 


278)1587 


9 4 



Ans. 5 rods,16t feet, 9 in 



• See table to A.Rti*ic^^'<^ N^o^^,i\n.>Qafc ^^^hm 
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. If a triangular ^able be raised 17 feet 6 inches on the 
wall of a house ; vrhsit is the content, supposing the thick- 
s of the gable to be 2 bricks, and its base ^4 feet 9 inches ? 
feet, in. 

34 9 ±£ breadth of gable. 
17 6 ==: altitude of ditto. 

420 9 
12 4 6 



2) 433 1 6 

216 6 9 ^ surface of the gable. 
4 =ii no. of i bricks. 

3 )866 3 6 
972 )288 9 
Ans, 1 rod, 1 6 feet, 9 parts. 

. There is a building whose side wall is 45 feet long on the 
lide, and end wall 15 feet broad on the inside ; the height 
;he building is §0 feet, and the gable at each end of the 
i is 6 feet high ; what is the true content of the whole in 
idard rods, the walls being uniformly 2 bricks thick ? 

Breadth of gable =:: 15 feet. 

Surface of the two gables := 90 

Length of building = 45 feet. 
Breadth :^ 15 

60 
2 

Compass of the building = 1 20 

Height = 20 

Surface of the walls = 2400 

90 

"-i - 

2490 

No. of J bricks thick = 4 

3)9960 
278)3320 sq. feet 
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MASON'S WORK. 

Ex. 2. Find the solid content of a wall whose lengt 
feet 6 inches, height 10 feet 9 inches, and thickness 8 f 

feet» in. 
48 6 
10 9 



485 

36 4 6 

621 4 6 
2 

Content = 1042 9 = 1042 cubic feet, 9 



3. What is the value of a marble slab at 7*. per foe 
length being 6 feet 4 inches, and breadth 3 feet 6 inchei 

feet, in. 
Length =6 4 
Breadth = 36 





19 
3 



2 




Area of slab = 


22 


2 

7 




2,0)155 2 
Am. £7 15 


2 



4. A gentleman wishing to erect a marble cbimney-p 
his dining-room, applied to a mason, who gave in the fo 
estimate : 

feefi in. 
The length of the mantel and slab, each 4 8 

Sunv oi \,\i^\T breadths 3 4 

Sum oi tWvt \iTfe«AjOcA \ \^ 
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d the superficial content of the marble required to complete 
i job ; and determine the value thereof at 7*. per square foot. 



feet, 
4 
3 


in. 

8 

4 






feet, in, 
4 6 
1 10 


14 

1 



6 


8 




4 6 
3 9 


15 

8 


6 
3 


8 




8 3 


q.==23 


b 


"8 
7 






2,0)166 


7 
6 


8 
7f(/. 


= value 


required. 



SLATER'S AND TILER'S WORK. 

Ex. 2. Find the expense of slating a barn at 30 shillings per 
tare ; the length being 43 feet 1 inches, the breadth on the 
i 27 feet 6 inches ; the eave-boards projecting 15 inches on 
!h side. 

STow, it is customary to reckon the flat and half flat equal 
the girt over the roof ; hence 

27-5 feet = the flat. 
13-75 feet = ^ flat. 
2*5 feet = the eaves. 

43*75 =: girt of the roof. 
43-8333 = length of the roof 



2iyi6b5 
3068331 
1314999 
1753332 

O0 )1917/Ob»75 

19-17706875 squares in the roof. 
SO shillings per square. 

575-31206250 
12 

3-74475000 
4 



9-97900000 



^ns. £88 15s. 3-^d. the expense Tec^uisfcd. 
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Or thus 


• 
• 




feet. 


in. 




27 


6 


= the flat. 


13 


9 


=:iflat. 


3 


6 


= eaves. 


43 

43 


9 
10 


= g^ of roof. 
= length. 



1881 3 
36 5 6 



1917 8 6 = area of roof 
11506 3 
5 



100)57531 3 



575 3|rf. 

Or £28 15*. ^l a 

3. Determine the cost of tiling a stable, whose len 
feet, and breadth on the flat 8 yards ; the eaves beinj 
ed to project one foot on each side, aud the roof < 
pitch ; reckoning at 255. per square. 

Flat = 24 feet. 
^Flat= 12 do. 
Eaves =: 2 do. 

Girt of the roof =38 
Length = 30 

100 )1140 

11*4 = no. of squares in th( 
25 = price per square. 

570 

228 

20)2850 



£\4 5«. = e.c^%\. T^ic^(xa«^. 
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PLASTERER'S WORK, 

3. The dimensions of a certain partition are 141 feet 6 
i in circuit, and 1 1 feet 3 inches high ; how many square 
does it contain ? 

feet. in. 

141 6 
11 3 



1556 6 
35 4 6 

9)1591 10 6 

Ans. 176 7 10 6 

That is, 176 sq. yards, 7 eq. ft. 1204 sq. inches. 



\ certun partition measures 234 feet 8 inches in circuit, 
4 feet 6 inches in height, and is rendered between quarters. 
1 lathing and plastering cost \0d. per square yard, and the 
"ing 4dr per yard ; what will be the amount of the plas- 

3 bill? 

feet, in. 

Circuit = 234 8 
Height = 14 6 



3285 4 

117 4 



9)3402 8 sq. feet. 

[tion nearly. 

378 1 = whole area of the parti- 
75 5 6 = |th thereof. 



302 6 7 =1 dvff . ^Va&\fc\^\* 
453 5 7= svMsv cQ\av«^^. 
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sq. yds* feet* pts, sq, yds* 

AlRO 453 5 7 = 453-6203 

4 := price per yard. 



12)1814*4813 
2,0)15,1 2t 

£7 1 U, 2id. 

sq, yds, feet, pts. 

Now 302 6 7 = 302-7314 sq. yards. 

10 = price per yard. 

12)3027-314 pence. 



2,0) 25.2 31 



12 12 3^ 

7 11 2i . 



£20 3 5|- = amount required. 



4. The length of a room is 15 feet 6 inches, its breadth 
feet 3 inches, and altitude 9 feet 6 inches, reckoniDg to 
lower edge of the cornice, whose girt is 9^ inches, and projc 
tion from the wall next to the ceihng is 5 inches. Now if 
the room there be a door whose dimensions are 7 feet by 
feet, what will be the quantity of rendering and ceiling in 
room ; and what will be the cost thereof, supposing the costi 
rendering to be 6rf. per square yard, and the ceiling I5. 3rf.] 
square yard ? 

feet, in. 
Breadth of room = 13 3 
Breadth of cornice on\ 10 inches, 
both sides of the room. / 

Breadth of ceiling =12 5 

Length of ceiling =14 8 

173 10 
^ ^ \i 



Iti'i 1 ^ ^ ^"Cee. ^1 ^^SB%» 



plasterer's work. 

« 

feet, in. 
Length =15 6 
Breadth = 13 3 


Sum = 28 


9 
2 




or circuit = 57 
Height = 9 

517 

28 


6 
6 

6 

9 


% 


546 
7 X 3f = 26 


3 
3 = 


= area of door. 


9)520 


= 


= area of part 


57-777 
6 


sq. yards. 



19; 



346-662 pence. 

£l Ss, IO|^(i.= cost of rendering 



feet, in. 
Length of cornice =r 57 6 
or hreadth of do. =: 9 6 



43 1 6 
2 4 9 



45 6 3 = area of cornice. 
182 1 4 = area of ceihng. 

227 7 7 
or 2-27-6319 sq. feet. 

9) 

25*2924 sq. yards. 

3d. is i 6-3231 

; 31-6155 a\iT\\m^- 

or £1 l\s. 7\d. = eo^^. ^^ ^^ 



dOO TA^ULTBD AND ARCBBD BOOK. 

In this question we have reckoned, the cornice at Ik N 
rate as the ceiling, hut in general it is much more coetly: 
value depending chiefly upon the quantity of labour besto 
in the making of it. Highly ornamented cornices are ^ 
expensive. 



OF VAULTED AND ARCHED ROOFS. 

PROBLEM I. 

To find the solid content of circular, elliptie, goikiCf and cyd 

vaulted roofs, 

Ex. 5. Determine the solidity of a semi-circular vault n 
span is 60 feet, and length 150 feet. 

*7854 = area of circle to diam. 1. 
3600 



4713400 
23562 

2)2827-4400 



1413'72 = area of the end of vault. 
150 =: length of the vault. 

7068600 
141372 



SoHdity = 21205800 cubic feet. 



6, What is the content of «l ^otLvc vault whose length 
feet, span 50 feet; the c\iOTd ol e\\)^^T «x<i \^xtIsNe^%^3&ft 
^iDg 66. feet, and thfiLverfe^ si^^ oi €v()cax /«sOv^4|^ 
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ED X D F = D B^* 
ED X 16 =43* 

E D = ^f'* = if^» = 115-5625 
/. B F ^ 131*5625 = diameter of the gothic arc. 
^Iso T^-VW = '121 T^ nearly. 

id tab. areacorr.to '121 ^ = 054438 

1 7308-6914= (I31-5625)»iiearly. 

1384695312 
519260742 
692347656 
692347656 
865434570 



ea of seg. afbda - 942-2505424332 

2 



ea of the two seg. = 1 884-5010848664 
ea of ^ A B c = 2057-150 
ea of one end oi\ 



the vault, J 3941*6510848664 



80 = length. 



Content = 31533-20867893120 cubic feet. 



7. Find the content of a cycloidal vault whose span is 39 
t, and length 100 feet. 

rhe nature of the cycloid is such that the a^^vi otvVkR.N^siX. 

Ifiovgh In the Bg, above; C appears to "be tVie eeaVte <3>l«t^ 1>X^'>"^'^'" 
not necessarUy so, 

I 2 
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is equal to the circumference of the generating circle; ik 
area of the cycloid is equal to 3 generating circles ; benct 

•07958 
1621 = 39'= (span)* 



7968 
15916 
39790 
7958 

121*04118 
3 

363-12354 = area of cvcloi 
100 = length. 



Content = 36312*354 cubic feet. 



PROBLEM II. 

To find the concave ^ or convex surface, of circular, elUptic, 

and cycloidal vaulted roofs. 

Ex. 2. What is the concave surface of a cycloidal vaul' 
length is 55 feet, and height 14 feet? 

The length of a cycloid = 4 times the axis or heij 
.-. length of the cycloid in this case = 56 feet. 

Length of the vault = 55 feet. 



280 

280 



Concave surface of vault = 3080 sq. feet. 



PROBLEM III. 

To find the solid content of a dome; its height, and tliedu 

of its base being knoMcu, 

Ex. 2, In an octagoxvaV feip\ieT\c«X ^on^^, wi^ ^i^<t ^ 
« 18 feet ; what is tbe bo\i^\\.^ ^ 
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Tab. multiplier = 4*828427 = area of oct. whose side is 1 . 

324=18* 



19313708 
9656854 
14485281 



1564*410348 =: area of the octagonal base. 
10*242 r= I the altitude.* 

3128820696 
6257641392 
3128820696 
1564410348 



Content = 16022*690784216 cubic feet. 



PROBLEM IV. 

To find the superficial content of a spherical dome. 

Ex. 2. Determine the cost of painting an octagonal spherical 
lome, at Is. 8d, per square yard ; each side of the octagonal 
^ase being 1 2 feet. 

4*828427 = area of oct. whose side is 1. 
144 = 12* 

ly;5l3708 
19313708 

4828427 



695*293468 
2 



9) 1390-586976 sq. feet. 
154*509664 sq. yards. 

20d. = cost per yard. 

3090-193280 
= £12. 17*. 6d, =z cost required. 

*Tiiis altitude is thus determined : the side of the octagon is 18 feet, 
hence the radius of the circumscribing circle = 30*728, which expresses 
the altitude of the vauJt : and fds of 30-72» = l^-'i^SL = \$«.>\\^^N:\\.vAfc^\ 
tb0 vBult. For the method of detennm\n|^ \]kve t%A\«i^ ^A Xi^fe v\\^t\ft \^^'^ 
nowJngaside of the iijscribed Ojct&gon, see ?rcib\««i^'^W*'«v >\>Rk K\^ 
^x to tite iAJgebn, 
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PROBLEM V. 

To find the solid content of « «a/ocNi. 

Ex. 2. A circular building of 40 feet diameter, and I 
high to the ceiling, is covered with a aaloon whose drcol 
is 5 feet radius ; required the capacity of the room incul 

Since the building is 25 feet high to the ceiling, a 
radius of the arch is 5 feet, hence from the nature of the 
the altitude of the wall upon which the saloon rests is e 
20 feet. 

*7854 = area of circle to diss 
1600 = 40* 



4712400 

7854 



1256*6400 

20 = altitude. 



25132-8000 = content of cyl 

[part of th 

Again, since the arc on each side projects 5 feet, ai 
the diameter of the building is 40 feet, therefore the c 
of the ceiling := 30 feet : hence 

3*1416 
30 

4)94*248 = perimeter of ceil 

^3- 5 62 = \ perimeter. 
5 = height of arc. 



117-810 

5 =: projection. 

589*050. 
3;^1416. 

"353430 

58905 
235620 
5S905 

1850^^555550 = ^- 
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^ext 40 = diameter of the room. 
30 = diameter of the ceiling. 

inder=10 the sq. of which = 100 

•7854 



78-54 
10 

3)78&.-40 



of flat part of Y 
he ceiling J 



261-8 

78-54 

900 = 


= B. 
:30« 


= 70&-8600' 
5 = 


: height of arch; 


3534-3 

1850-55948 
261-8 


=: A. 

= B. 



5646*65948 = content of saloon. 
25132*8 = content of cylindri- 

[cal part of the room . 

pacity of the room = 30779*45948 cubic feet. 



PROBLEM VI. 

Ind the solid content of the vacuity formed by a groin arch, 

either circular or elliptical, 

X. S. "What is the solid content of t\ie "vacmt^ lonaft.^ \s^ 
Uqfthal groin, one side of its square "base \^\xi^ ^^ ^^^ 
he beigbt 6 feet ? 
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• 


20 
20 




Area of base = 400 

6 = 


height. 




2400 
•904 






361600 
1808 




Solidity 


= 2169*6 cubic feet. 



PROBLEM VII. 

To find the concave superficies of a circular gro\ 

Ex. 2. What is the concave superficies of a circu 
arch, one side of its square being 9 feet ? 

9 
9 

81 
M416 



11416 
91328 



Surface 92-4696 sq. feet. 



3. Find the concave ftupex^cK^^ oi ^ ^x^\^«x ^q 
* ■ • of its square being 14^ feet- 
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14-25 

14-25 



20 



7125 
2850 
5700 
1425 

2030625 
1-1416 

12183750 
2030625 
8122500 
2030625 
2030625 

Content = 231-81615 square feet. 



OF TIMBER MEASURE. 
PROBLEM I. 

find the area, or superficial content , of a hoard or plank. 

. 2. What is the content of a board, whose length is 
inches, and breadth 1 foot 10 inches? 

feet, in, 
5 7 
1 10 



5 7 

4 7 \0 



Saperi^clsl content i= 10 ^ \0 «» x^o^vc^^ 
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3. At l^d, per foot, what is the value of a plank what 
Qgth is 12 feet 6 inches, and breadth 11 inches throughoitt 



feet. in. 
12 6 
11 




11 5 
^d. is } 5 8 


6 
9 


17 2 


3 



17 2 3 = 1^. o^i. nearly, the valaerequrei 



4. Find the value of 5 oaken planks at 3d. per foot.ead 
being 1 7^ feet long, and their particular breadths as fbllowi 
viz : two 13^ inches, and one of 14^ inches in breadth; ab 
the two remaining ones, each 1 8 inches at the broader eo( 
and 1 1 1^ at the narrower. 

in. 
13-5 
13-5 
14-5 

14-625^ mean breadth of the ti 
1 4* 625 / last named planks; 



Sum of breadths = 70*75 inches. 

12) 



5-89583 &c. feet. 

17*5 = common length- 



2947915 
4127081 
589583 



103-177025 square feet. 
3 



l^yA09-5aVO75 



«2, 5 ^:^ =11 £\ ^% .^^i.'^xiM 
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PROBLEM II. 
To find the solidity of squared or four-sided timber. 

ix. 2. The length of a piece of timber is 34'5 feet, and its 
s are equal squares, whose sides axe each 1*04 feet: what is 
solidity ? 



1-04 
104 



416 
104 

1-0816 
24-5 

54080 , 
43264 
21632 

26-49920 
12 

5-99040 

ns, = 26 cubic feet, 6 parts nearly ; each of which parts 
^ of a cubic foot. 

The length of a piece of timber is 20-38 f^t ; and the 
are unequal squares ; a side of the greater square being 

inches, and a side of the lesser 9|- inches ; what is the 

ity? 

J =19-125 
i|=s 9-875 

2)29 



H'S=s 1 '2083.3 £eet«mewi\>t^«AVk«cA^v^^^^'^- 
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1-20833 
1-20833 



362499 
362499 
966664 
241666 
120833 

1-4600613889 
20-38 

116804811112 
43801841667 
29201227778 

Content = 29-756051005782 cubic feet. 



4. The length of a piece of timber is 27*36 feet; 
greater end the breadth is 1'78 feet, and the thickn< 
feet ; and at the lesser end the breadth is 1*04 feet, 
thickness -91 feet : what is the solidity? 

Greater breadth =1*78 Greater thickness = 
Lesser breadth = 1 -04 Lesser thickness = 



2)2-82 



Mean breadth =1-41 

1-07 



2) 
Mean thickness = 



987 
141 

1-5087 
27-36 

90522 
45261 
105609 
30\74 

Content = 4l*27S0^^ cviVyv^i^^^' 
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PROBLEM III. 
To /md the solidity of round or unsquared timber, 

RULE I. 

. 2. The length of a tree is 25 feet, and the girt through- 
I feet : what is its solidity ? 

Girt = 2-5 
J girt = -625 
•625 



3125 

1250 
3750 

Sq. of J girt = -390625 



25 = length. 



1953125 
781250 

9-765625 
\2 

9-187500 

Ans. 9 cubic feet, 9 parts. 

The length of a tree is 14-J^ feet, and its girt in the mid- 
•16 feet : required the solidity. 
Gh-t = 3-15 
J girt = -7875 
•7875 



39375 
55125 
630OO 
55125 

luare of J girt = •52015625 

14*5 = length. 

310078125 
248062500 
62015625 



Content = 8'9922656'25 = 9 c\i>a\c i^^X. xves«\s 
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4. The circumference of a tree in 4 different place 
follows : in the first place 5 feet 9 inches, in the second 
5 inches, in the third 4 feet 9 inches, and in the fourtb 
9 inches ; and the length of the whole tree is 15 feet: 
the solidity ? feet^ in. feet. in. 

5 9 12 

4 5 13 



4 9 

3 9 12 

2 



Sumof girts=l8 8 — 

4) 1 4 4=8q.oi 

Mean girt =48 15 



4). 



1 2 Content = 20 5 



Ans. 20 cubic feet, 5 ] 

5. An oak tree is 45 feet 7 inches long, and its qaai 
3 feet 8 inches : what is the solid content, allowing -^j 
bark ? feet. in. 

J girt = 3 8 

4 

Whole girt = 14 8 
Allow, for bark = 12 8 

13 5 4 

4) 

Quarter girt= 3 4 4 = 3-3611 1 &c. feet. 

3-36111 

336111 
336111 
336111 
2116666 
1008333 
1008333 



Square of-} girt = 11-3070604321 

45-58 = lengtl 

904564834568 
565353021605 
' 565353021605 



Content = 5 15-'A1 ^>j>\^'V^^ V\>i> <s q^>s^\^ 
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RULE 11. 

2, If the length of a tree be 14 feet 6 inches, and its 
irt 3*15 feet ; what is its solidity ? 

Mean girt = 3.15 

5) 

0-63 
•63 

189 
378 



•3969 = (i girt)' 

29 = twice the length* 



35721 
7938 



Content = 11.5101 cubic feet. 



f the length of a tree be 24 feet, and the girt through- 
'eet ; what is the content ? 

5)8- 

1-6 
1-6 



96 
16 



2-56 
48 = twice the length. 



2048 
1024 



Soliditv = 122-88 cubic feet. 



If a tree girt 12 feet at the tYvicVw ^u^, «cA^ VifcX.'^^.^^ 
r end; reqvdred the solidity Yilaeii\5afe\«sv^'^^'^'^*^'^'^ 



dU 
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19 
3 



2)15 




= mean girt 

= i mean girt 

== (i mean girtf 
= twice lengtk, 



81 -00 cubic feet reqdr 

pjace 9 43 feet, in the second 7 '92 feet, in the third 615i 
'\ ^/'"l^ 4-74 feet, and in the fifth 3 16 feet id 
^'hole length is 17^ feet; what is the sohdity ? ' 

9-43 

7-92 

615 

4-74 

316 

5)31-40 
Mean girt = 6*28 

5) 

1-256 
1-256 

7536 
6280 
2512 
1256 



1-577536 

34-5 = twice the length. 



7»»7680 



Content^ 5V4i^<^^^'i^v^ cxj^ywi letv 
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Greenwich park a workman took the girt of an oak in 
nt places as follows : in the first place 10*5 feet, in the 
\ feet, in the third 6J feet, in the fourth 3J feet, in the 
set, and in the sixth place 1 8 inches ; determine the 
of cubic feet in the tree, its length being 25 feet, and 

stripped off. 

10-5 
8- 
6-5 
3-25 
2- 
1-5 



6)31-75 



Mean girt = 5*2916 
5) 



1 '0683 = -J of mean girt. 
10583 



31749 
84664 
52915 
10583 

1-11999889 

50 =: twice length. 



55-99994450 == 56 cubic feet, nearly. 



SPECIFIC GRAVITY. 

PROBLEM I. 
ng given the weight of a body, to find its magnitude. 

How many cubic inches aretVieTe \xlQ\i<^"^wi:«A^N^\s.- 
Ji]|•/It o/^npowder? 

i 



916 SPECIFIC GRAVITY. 



992: 


16 : : 1728 : coHtent reqni 
16 




10368 
1728 




923)37648 

30 cubic inches, 



3. How many cubic feet are there in a ton of 
specific gravity is 935 ? 

•J ozAnlton. cub.foeU 

As 935 : 35840 : : 1 : answer requirt 

1 



935)35840( 38^ cubic feet, the 
2775 



8090 
7400 



690 



4. How many cubic inches are there in 10 p( 
pure silver ? 

Now 1 lb. avoir. : 1 lb. troy : : 17 : 14 n 
.*. 1 lb. troy = ^ of 1 lb. avoir. 
And 10 lbs. troy = \^ lbs. avoir. = ^r X 
= 131*76 oz. avoir. 

, *p. grav. oz. avoir, cub. in. 

Hence' 10474 : 13176 : : 1728 : answer 

1728 



10474)22768 1-28 

Ans. 21*73 cubic inches. 



• Bee Appendix \.o \.\v«k MSJi^sas«X\^, 
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I 

onnd avoirdupois : a pound troy : : 13999 : 1 1530, which 
rer to the truth than that of 17 : 14 ; therefore if the 
* ratio he used, the answer to this question will he ohtained 
correctly than it has been done above. Thus : — 



,^ 11620 „ 

nd troy = j^^ lbs. avoir. 

, ^ 115200 ,^ . • 

bs. troy = ^^^^^ lbs. avoir. 

11520QX16 . 101./5/JCC 

= — avoir, oz. = 131*6665 oz. avoir. 



tp. grav, oz. avoir, cub, in, 

.-. 10474 : 131-6665 :': 1738 

1728 



10533320 
2633330 
9216655 
1316665 



10474)227519-7120(21 -722, &c. cubic mchee. 
20948 The answer requu-ed. 



18039 
10474 



75657 
73318 

23391 
20948 

24432 
20948 

3484 
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PROBLEM II. 

Having given the magnitude of a body, to determine its u 

Ex.. S. Finil the weight of a block of marble, whose 
is 63 feet ; its breadth and thickness being each 12 feel 

Length =: 63 
12 



756 
12 



Content = 9072 cubic feet. 



cub. ft. cub. ft. sp. gran* 
Hence as 1 : 9072 : : 2700 : weight. 

2700 



6350400 
18144 



(^4)24494400 avoir, ounces. 

16^ 

i^ 4)6123600 



r4)1530900 lbs. 

28< 

(^ 7)382725 

80)54675 



Weight required = 683f^ tons. 



3. What is the weigbt ol «l y^hX. ^l ^osc^^ds 
iasure? 
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ciib, inches. cvJb, inches. 

As 1758 : 34-659 (in one pint) : : 922 

922 



69318 
69318 
311931 



1728)31955-598(18'492 ounces, the weight re- 
1728 [quired. 



14675 
13824 

8515 
6912 



16039 
15552 



4878 
3456 
14*22 

?Vhat is the weight of a hlock of dry oak which measure^ 
: in length, 3 feet in breadth, and 2|- feet deep ? 

2-5 
3 

7-5 
10 



Content = 75*0 cubic feet. 



#p. grav. 
as 1 cub. foot : 75*0 cub. feet : : 926 

' 75 
4625 
6475 



16 )69375 
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PROBLEM III. 

To find the specific gravity of a body. 

Case I. — When the body is heavier than water, 

Ex. 3. A piece of alabaster weighs 108 pounds in air, a 
69 pounds in water ; determine the spec&c gravity of t 
alabaster. 

108 
69 



Weight lost = 39 

Hence as 39 : 108 : : 1000 

1000 



39)108000(2769 = specific gravity required. 

78 



300 
273 

370 
334 



.360 
351 



3. A piece of stone weighs 10 pounds in air, and 6 pom 
12 ounces in water ; determine the specific gravity of thesto 

10 lbs. 
6 13 



Weight lost = a 4 . 
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As 53 : 160 : : 100 

160 



58)160000(3077 nearly = specific gravity of 
156 [the stone. 

400 
364 



360 



Cask II. — TFhen the body is lighter than water, 

£x. 2. A piece of fir weighs 10 lbs. in air, and a piece of 
I, which weighs 12 lbs. in air and 10 lbs. in water, ip ' 'innected 
th it, and together they weigh 2 lbs. in water ; find e specific 
avity of the fir. 

Tin weighs 12 lbs. in air. 

10 lbs. in water, 

1st rem. 3 =: loss of weight, 
impound mass weighs 22 lbs. in air. 

2 lbs. in water. 

2d rem. 20 
Hence as 18 : 10 : : 1000 : specific gravity of the fir. 

10 



18)10000(555 nearly = sp. grav- of fir. 
90 

100 
90 

100 
90 

10. 
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PROBLEM IV. 

To determine the quantities of two ingredients in a compowtf 

whose weight is given, 

Ex. 3. A composition weighing 80 pomids, containa abv 
-whose specific gravity is 10474, and fine copper, whose spedk 
gravity is 8878 ; determine the weight of eadh ingredient: tte 
specific gravity of the compound being 9000. 

Sp. grav. of silver = 10474 . 8878 

Sp. grav. of compound = 9000 9000 

Difference = 1474 Difierence =: 1S9 
8878 10474 



4208173 I3778i8 



10474 
8878 = sp. grav.^ of fine cq|^. 

1596 = difierence. 
9000 



14364000 



Then as 14364000 : 30 lbs. : : 4108172 

20 



14364000)84163440(5-859 lbs of silver, 
71820000 and therefore 14141 

[lbs. of cop|iff. 

123434400 
114912000 



85234000 
71830000 

134040000 
139376000 



Vl^^ftS*^ 
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ON THE WEIGHT AND DIMENSIONS 

OF 

BALLS AND SHELLS. 



PROBLEM I. 

Having given the diameter of an iron shot, to find its weight, 

EiX. S. The diameter of an iron shot is 4 inches ; what is its 
vreight ? 

64 = 4« = (diameter)^ 
9 



64)576 



Ans, 9 lbs« 
^. The diameter of an iron shot is 6*5 inches ; what is its weight 

6-5 
6-5 

325 
390 
42-25 

6;5 

21125 
25350 
274*625 = (diameter)' 

9^ 

64)2471 •625(38-61 9 lbs. = weight required. 

192 

551 
512 

396 
384 

122 
64 
585 
576 
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PROBLEM II. 
Having given the diameter of a leaden haU^ to find its «ei 

Ex. 8. Determine the weight of a leaden ball whose dia 
is 4*5 inches* 



4*5 

4-5 



225 
180 

20-25 
N 4-5 

10135 
8100 

91*135=: (diameter)^ 
2 



9)183.25 



Ans. 20-35 lbs. 



3. What is the weight of a leaden balli whose drcumfie 
or girt is 16 inches ? 

3*1416)16*0000(5-093 nearly = diameter. 
167080 



293000 
283744 



9^560 
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Also (5 093)' = 132-105 nearly 

2 



9)264-210 . 

Weight = 29'356 lbs.: the answer. 

PROBLEM III. 
ving given the weight of an iron ball, to find its diameter. 

I. 2. The weight of an iron ball is 45 lbs.; determine its 
leter. 

Weight = 45 lbs. 
64 



180 
270 

9)2880 



320 whose logarithm is 2*5051500 

3) 

Diameter = 6*84 the no. corr. to '8350500 



The weight of an iron ball is. 18 lbs.; determine its dia- 
jr. 

Weight =18 lbs. 
64 

72 

108 

9)1152 



128 whose logarithm is 2-1072100 

Z) 

IXameter =r 5'(S9 the no, corr. \.o -lOfi^AM^^ 

k3 
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PROBLEM IV. 

* Having given the weight of a leaden hoU, to find iU Hm 

Ex. 2. Find the diameter of a leaden ball, whose wd 
45 lbs. 

Weight — 45 lbs. 
289 



1445 
1156 



13005 whose log. is 4*1131104 

^) 

4)23*498 the no. corr. to 1-3710368 



Diameter := 5*874 inches. 



3. The weight of a leaden ball is 12 lbs.; find its dia 

Weight = 12 lbs. 
389 



3468 whose log. is 3*5400791 

3) 

4)13*122 the no. corr. to 1*1800263 



Diameter = 3*28 inches. 



PROBLEM V, 

Having given the external and internal diameters oft 

shell, to find its weight, 

Ex. 2. Find the weiglot oi«L ^\\iiO[iSs^^\Kiss&k->difi 
»an thickness xb 3 mchea. 
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213 _, 9261 

153 = 3376. 



5886 
9 



64)52974(^27*7 lbs. the weight required. 
512 



177 
128 



494, 
4481 

460 



What is the weight of a 9 inch iron bomb-8heU,^who8e 
thickness is 1|^ inches ? 



93 = 729 
6^ = 216 



513 
9 



64)4617(72-14 lbs. _ weight required. 
448 

137 
128 



90 
64 



260 
256 



PROBLEM VI. 

dthe number of pounds of powder which can be contMnedin 
a hollow shell whose internal diameter is given, 

, 2. How many pounds of poTfdet «c^ \^^\x^\ V^ H^ 
' shell, whose intentai diameter \& \^ \XiOcL%^\ 



i 



238 
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13 
13 

169 

13 

507' 
169 

69-32)2l97-0(37-0» lbs. the ans^ 
17796 



41740 

41534 



21600 
17796 

3804 



«iJKs.?i.Ti:i*- ■« '""*»•''■ - 



15 
15 

235 
15 

1135 
335 

59*33)3375^00(66-89 lbs. the answer 
29660 «»*«wcr 

40900 
35593 

53080 
47456 



56340 
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• 

PROBLEM VII. 

find the dimensions of a cubical box to hold a given quantity 

of powder. 

ix. 2. Determine the length ^f a cabical box which will hold 
bs. of powder.. * 

31-06 
14 



434*84 whose log. is 2*6383295 

3) 

Length = 7*576 inches -8794431 

PROBLEM VIII. 

jing given the length, breadth, and depth of a rectangular box, 
to find how many pounds of powder will fill it. 

!x. 2. The length of a rectangular box is 2 feet 3 inches, 
idth 1 foot 9 inches* and depth 15 inches ; how many pounds 
lowder will the box contain ? 

Length = 27 
Breadth = 21 

• 27 

^4 



567 
Depth =15 

2835 
567 



B505 
-0322 

17010 • 
17010 
25515 

.^ins. 273-8610 Yb%. 
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PROBLEM IX. 

HavUg given the diameter andlengihofa hoOom CfSni 
determine how manypoundi of gwnpowder wtDiim 

Ex. S. The diameter of a hoUow cylindei' is 8 mAcB, 
length 16 inches: how many pounds of powder will it a 

8 

a 



64 = 
16 = 


diameter*, 
length. 


384 
64 




4,0)1034 




Ans. 25*6 lbs 


t 



3. The diameter of a hoUow cylinder is 2 feet, and its) 
3 feet ; how many pounds of powder will it contain ? 

Diameter 24 inches. 
24 



96 
48 



676 = (diameter)* 
36 = length. 



3456 
1788 

^■^^^^"^^^■" 

4,0)20736 
Ans. 5\B-4i 
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PROBLEM X. 



Having given the diameter of a hollow cylinder, to find what 
fOrtUm c/ the cylinder will he occupied by a given quantity of 
poicMvr. 

- Ex. S. The diameter of a hollow cylinder is 18 inches ; now 
if 25 lbs. of powder be poured in, how much of the cyUnder 
ivill be occupied by the powder ? 
Weight = 25 lbs. 
40 



324)1000(3.086 inches, the altitude at which the 
972 powder will stand in the cylinder. 

2800 
2592 

2080 
1944 

136 

3. The diameter of a hollow cylinder is 6 inches. If, then, 
12 lbs. of powder be poured into the cylinder, what portion of 
the cylinder's axis will be covered by the powder? 

Weight = 12 lbs. 
40 

36)480(13.33 the portion of the cylinder's axis 
36 occupied by the powder. 

, 120 
108 

120 
108 

12 
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4. If the diameter of a hollow cylinder be 10 inches; 
portion of the cylinder's axis will be covered, if 9 lbs. of pc 
be poured into the cylinder? 
Weight = 9 lbs, 
40 



100)360 

Ans, 3*6 inches = that portion of thecylii 
axis, occupied or covered by the powder* 



THE PILING OF BALLS AND SHELLS 

PROBLEM I. 
To find the number of shot in a finished triangular pUe 

Ex. 3. Determine the number of shot in a complet 
finished triangular pile, one side of whose base contaii 
balls. 

15 = No. in a side. 

16 = the No. + 1. 

90 
15 



240 

17 = the No. + 2, 



1680 
24 

6)4080 



Ans. 680 shot. 
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[f a side of the hase of a triangular pile contain 18 shot, 
aany are there in the pile ? 

18 = the No. 

19 = the No. + 1. ' 



162 
18 






342 

20 = the No. 


+ 


2. 


6)6840 


• 




Ans, 1140 shot. 







^d the numher of shot in a complete triangular pile, 
le of whose hase contains 26 shot. 

26 = the No. 

27 = the No. + 1. 

182 
52 

702 

28 = the No. + 2, 



5616 
1404 

6)19656 

Ans. 3276 shot. 



PROBLEM II. 

Po find the numher of shot in a finished square pile. 

9. Find the numher of shot la t^ ^v^<^^<(^«x^t^i 
? of whose base contains 21 Aiol* 
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SI = the No; 
22= the No/ + 1. 

42 
42 



462 
43 = 1 + douhle the No. 

1386 
1848 



6)19866 



Ans. 3311 shot. 



3. Determine the same as in the last problem, whe 
>f the base contains 41 shot. 



41 = 

42 = 

• 


the No. 
the No. + 


1^ 


82 
164 






1722 
83 = 


1 + twice 


the No. 


5166 
13776 




6)142926 




Am. 23S^\ a^^- 





BALLS AND SHELLS. 335 

PROBLEM III. 

find the number of shot in a finished rectangular pile. 

2. How many shot are there in a finished rectangular 
le length of whose hase contains 40 shot, and hreadth 
QS 23 shot ? 

'40 =: No. of shot in the hase. 
3 



120 
1 




121 
23 =: No. 


in the hreadth. 


99 
83 




297 
198 




2277 
22 


• 


4554 
4554 




6)50094 




Ans. 8349 shot. . 




PROBLEM IV. 



determine the number of shot contained in a pile which is 
tished, provided the highest course of balls be complete, and 
imber contained in each side thereof be given. 

, 3. How many shot are contained in an unfinished 
:ular pile, a side of whose base coi^^woii^ ^^ i^^X^vsi^ "^ 
ftbe uppermoBt coarse 14 &\xot? 



236 
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35 
96 

150 
50 

650 
27 



4550 
1300 

6)17560 



!^= No. ofshot,ifthe pile were c 



omplet 
13 ^ 

14 

53 
13 

183 
15 

910 
183 

6)2730 

Hence 2935 
455 

■4w. = 2470 shot. 

3. flow maay balls are coiatameeL lu mi Wwv^ 
Pxfe a side of whose \H«e cont«a« «» A.^^^^ 
HPpennost course 8 akoti ^^'^-^ «« 
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SO 
SI 

430 
41 

4S0 
168 



6)17320 



2870 == No. in the pile, if complete. 



7 
8 

56 
15 



380 
56 

6)840 



140 = No. in the little pile. 

, Hence 3870 
140 



Ana, = 3730 shot. 



Determine the numher of shot contained in an unfinished 
ingular pile, of 15 courses, the No. of shot in the length 
breadth of the base being 45 and 40. 
ow since there are 15 courses, and the number of shot in 

tide decreases hy 1 for each coni^e; >^i«i^lat^^^\«w^ 
freadtb of the highest course are S\ , ^^ • '\a.«QRfe h*^ \ks^ 
be number of shot in a rectangiAaT ^^e,\>afc\«5^'*?^'®^ 
h of whose base contain SO aadi^S ^\ioV. x««^^«fioc'^* 



938 
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45 
3 

135 
1 

136 
40 

ye = 3»j — n 4- 1 
41 




ff^=No.ofshotinthepi]e,if, 




36940 
7150 

^♦»*. = 19090 shot. 



6)42900 



then divided by 3, wiU gWe (ha '"Wteu^A^xV^V^^^ 
Por|. («+ 1), (3 « — n A- \^ =!ii:-±^.Sj!LVr 
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EXAMPLES 
IN THE DETERMINATION OF DISTANCES 

BT THB VELOCITT OF SOUNp. 

Ix. S. Being at sea off Fort William, I saw the flash of a 
cion, and counted 8 seconds by my watch, between the 
b and report ; And my distance from Fort William. 

feet, 
Sound moves 11 42 in T' 

8 



3)9136 



176Q)3045-33(1*72 miles, the answer req. 
1760 



12853 
12320 



5333 
3520 

1813 

3. Having observed a flash of lightning proceed from a 
irk cloud, I counted 4 seconds, and then heard the clap of 
Liinder : how far was 1 from the cloud ? 

But ' = the No. of balls in the triangular end or face of the pile ; 

r the face is formed by balls commencing with I at the top, and increasing 
r units to the number of balls in the breadth of the base. And 2 m -f ^ = 
sable the number of balls in the length of the base -f the single row of balls 
: the top. Hence, double the number of balls in the length of the base in** 
raased by the number of balls in the top row, being multiplied by the number 
r balls in the triangular face, and the product divided by 3 will give the 
amber of balls in the pile. In the square pile, the sum of twice the number 
f balls in one side, together with the single ball at the top, is to be multiplied 
y the number of balls in a triangular face; and in tVvck ttvui^gaNaa ^^^^*^^ 
lumber of Imlh in a side increased by one, and tidded \a >i!b& «\wt^«^ \!fl^ "*: 
w top, mast be multiplied by the number ol baWs *m «k \.t\Mi^%:t^»R»>*! 
cA of the produeta divided by 3 will tlve thft numlbeY dYki^&Vn.^^'^*® 
Bpiie, ' * 
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1143 

4 



3)4568 feet. 

1760)15226C8651 of a mile ; or ^ of a mile neari} 
14080 



11460 
10560 



9000 
8800 

2000 
1760 

240 

4. A woodman hewing timber struck so yigoroasl 
heard each stroke of his axe, and counted 5 beats of d 
between each stroke ; how far was the woodman dista 
me, reckoning 6 pulsations to elapse during the time thf 
takes in moving one mile ? 

As 6 pulsations : 1 760 yards : : 5 pulsations : i 

5 



6)8800 



Ana. = 1466f yards. 



Ahis the examples vAucYi we; ^vje^ m ^^^^^^ 
there solved ;.conEequeiit\y V^. Tii«. m^«e x>s«.^.««. 
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B the subject of gauging into this key ; but as the principles 
he science are not given, I have thought proper to give, in 

volume, a short account of the subject. Gauging is one of 
hranches of mensuration, and teaches us how to find the 
tents of vessels in gallons, or in some measure of capacity- 
t measures are always taken in inches, or at least must be 
uced to inches, and the contents are always computed in 
.ons ; for which purpose, certain fixed numbers are made 

of to facilitate the computation. These fixed numbers 

I be explained in due time. In the gauging of malt, however, 
content is estimated in bushels. 

"n finding the areas of all plane surfaces in gauging, their 
itents are expressed in gallons, because in the business of 
iging, every area or surface is supposed to be one inch deep ; 
I, therefore, in the language of a ganger, the area of a 
ile, a square, &c. is a certain number of gallons. For there 
the same number of superficial inches in any plane figure, 
there are solid inches of one inch deep ; so that, what is 
led a surface in gauging, is in reality a solid, whose height is 
5 inch. 

rhe sliding rules of Leadbetter and Verie are fully described 
the mensuration, I shall therefore say nothing in this place 
pecting them. 

The fixed numbers above mentioned are certain multipliers, 
isorsy and gauge points. 

find proper multipliers, divisors, and guage points for square 

figures. 

Since 277'274 cubic inches make one imperial gallon, and 
18*192 cubic inches make one imperial bushel, therefore the 
ntent of any vessel in cubic inches being divided by 277*274 

II give the content in imperial gallons ; and if divided by 
18-192 will give the content in imperial bushels. 

Instead of these divisors, multipliers may be found which 

11 answer the same purpose ; for = '003607 ; and 

^ ^ 277-274 

-j— — = '000451 ; hence the coT\t^iit oi ^csv^ ^^ox^ ^x 

sel in cubic inches being multipWed bv -Q^^^^l ^^^^^^"^ 
luct in imperial gallons ; and tbe sarcv^ coxiX^tX *^^ "^^ 
ipJied by '000451 wiU give tlie prodxxeX. wKxxv^^w^^n^^ 
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The gauge points for square figures are the square rooli ^ 
737,*274 and 2318*192; and are, therefore, the sides of 
squares, one of whose areas is a g^on, ai^d the other abuUi 

V277'274 = 16'65 the square gauge point for galloDSi 

V2218*1'92 = 47*10 the square gauge point for bushek 

The second gauge points for squares are found by nraltqilf- 

ing or dividing the former gauge points by VlO or by 3' 
hence 

V2772'74 z= 52*64 := second square gauge point for gilkn' 

V22 i '8 1 92:= 14*98 = second square gauge point for boaiKk 

All gvage points are the first terms of any proportion opoi 
the lines D and C ; and these second gaug^ points serve, wba 
the terms run off the lines. For the numbers on D bein; ■ 
the square roots of those on C ; the variation of 10 onCvl 
cause a variation of the gauge point on D, equal to the aqpR 
root of 10. 

To find proper multipliers, divisors, <snd gauge po'n% ff 

Circles, 

Let A = the diameter of anv circle in inches, then '7854 X 

*7fi54 

A* = the area of that circle in inches : and — a'— ^ 

«77'274 

area or content in imperial gallons; and A^stk 

* ^ 2218-192 

area or content in imperial bushels. 

•7fi^4 •78'i4i 

N"'^ 27^274 = -002833 ; and ^^^ = -OOWW; 

Hence we obtain 

•002833 X A- = thfe content of a circle whose 

is A, in imperial gallons. 
And -000356 X A^ := the content of a circle whose dii«*' 

is A, in imperial bushels. 
Therefore 002833, and 000356 are the proper multiplien*' 

gallons and bushels. 

The proper divisoT* «re iotm^ \)to»\ ivwat Tfi.>Sifi»c^s^sB^ 

»77'274 ^ . 
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7854 . . 1 ,^ ,. .,. , 2218-192 
jgTj^ IS equivalent to dividing by .^^.^ ; 



A« 



Therefore will give the quotient in imperial gallons ; 



A' 



And will give the quotient in imperial bushels. 

The gauge points for circles are the diameters of such circles 
contain some known measure, as a gallon. Thus. 

W4 d' = 277-274 .-.. 3 = (^^f^) ^= V353^= 18-79 

a -7854 A«= 2218- 192 .-.AST ( ^^H'}^^ ) i=z^/2S24'2^ 

! 68-14. 

Therefore 18-79, 53*14 are the gauge points for a circle, in 
serial gallons and bushels respectively. 
The second gauge points are found by multiplying or dividing 
e fofmer gauge points by VTo, or by 3*162. Thus : 

V3530-4 = 59*41 the 2d gauge point for gallons. 

V282'429 = 16*8 the 2d gauge point for bushels. 

To find proper multipliers, divisors, and gauge points for 

Spheres, 

ff A = the diameter of a sphere in inches; then '5236 X 

•5236 
ss the content of that sphere in cubic inches. Also 



277-274 

*52o6 
1^ the content in imperial gallons; and A'^ =^ the 

ttent in imperial bushels. 

Jut ^r^S:: = •0018884, and 'J,ft^ = *000236 ; 
277-274 . 2218192 

Hce '0018884 X A^ = the content of the sphere in imperial 

^aUons. 

i '000236 X A^ = the content oi l\i^ «^\i«^ \tv \\svt$^^v^ 

^asbekf. 

Tow inetead of multipliers, if \7e V\%\i iot ^vnso\%, ^^ ^'^ 

them as foUowa. The content oi \\\e «^\i«t^ Va ^^^^^ 
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•5236 3 o 277-274 a' , ^, ^. 

A= A -f ^ : also the conteoli 

277-274 -5236 629-654' 

I u 1 *5236 o ^3 . 2218192 A* 

hu<*hels — A** ^ A -= • 

r)u.neis - 221B.192 -6236 " 4236-43' 

the cube of the diameter in inches divided by 529*554 giwst 
(quotient in imperial gallons ; and the cube of the diameiteri 
inches divided by 4236*43 gives the quotient in imperial 
The gauge points for a sphere are V529*d54 and V^ 
or 230 and 65-1, which are respectively the gauge pointil 
2:allons and bushels. 

EXAMPLES 
IN FINDING THE AREAS OF SUPERFICIES. 



I. A SQUARE. 

RULE. 

Multiply the side into itself, and divide the product by 277^ 
for imperial gallons, and by 2218-192 for imperial bushels. 

Example. 

If a side of a square be 40 inches, required its area in iDBj*- 
rial bushels. 

402 = 1600. 

277-3)1 600000(5-77, the area, nearlv. 
1386 5 



21350 
1.9411 

19390 



Or, 2218-2)l600-00(-7213 imperial bushek. 
155274 



47260 
44364 

28960 
22.182 
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By the Slide Rule, 

On A, onB, On A, onB, 
As 277-3 : 40 : : 40 : 5*77 = the area. 

Or thus, by the Cfavge Point, 

OnB. OnC. OnB. On C 
As 16-65 : 1 : : 40 : 5-77 = the area, 
lis position of tbe rule, any side of a square on D« shows 
responding area on C. 

II. A PARALLELOGRAM. 

RULB. 

tiply the length by the breadth, and divide the product 
•274 for imperial gallons, and by 2218*192 for imperial 

Example. 

length and breadth of a rectangular parallelogram are 
30 inches respectively, find its area in imperial gallons. 

50 
30 



277'3)15000(5'41 area nearly in imperial gallons, 
13865 or = '6762 imperial bushels. 



\ 



11350 • 

11092 

2580 

By the Slide Rule. 

'On A. onB. On A. onB. 
As 277-3 : 50 : : 30 : 5-4 the area. 

III. A RHOMBUS. 

RULE. 

iply the base by the perpendicular altitude, and divide 
duct as before for gallons and bushels. 

Example. 
le of a rhombus = 40 inches, aad >i!li^ ^^r^^M^^xSSsx "^ 
r 37 iDcbes; £nd its area m im^etVeii ^^d^ow^^ 
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37 
40 



377-3)14800(5'337 the area in gallom 
13865 



9350 
8319 



10310 
8319 

19910 

A J 14.80 ^^„ ^ 

2218*192 ~ ^^ ' ^^ "* bushels. 
By the Slide Rule. 
On A. on B. on A, on B, 
As 277-3 : 40 : : 37 : 5-33, the area as befoi 
This rule applies to the rhomboid. 

IV. A TRIANGLE. 

RULB. 

Half the base multiplied by the perpendicular wi 
product, which being divided by 277*3 or by 2218'92 
the area in bushels or gallons. 

EXAMPLB. 

If the base of a triangle be 60 inches, and the perp 
altitude 23*5 : what is the area in imperial gaUons ? 

23-5 

30 = ^ base. 

277-3)705-00(2-54 = area in gaUons 
5546 



15040 
13865 
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By the Slide Rule, 

On A, on S. on A, on B, 
As 377*^ : 30 : : 23*5 : 2*54 the area as before. 

V. A TRAPEZIUM. 

RULB. 

aw one of the diagonals of the trapezium, and let fall two 
mdiculars upon it from the opposite angles ; then one-half 
im of these perpendiculars being multiplied by the diagonal 
^ive the area required. 

Example. 

e diagonal of a trapezium is 60 inches, and the two per- 
culars upon it are 15 and' 27 inches ; find the area in ira- 
: gallons. 

15 

27 

2)42 

21 
60 



277-3)l260-000(4*54 = area in im. galls. 
11092 



15080 
13865 



12150 
11092 

1058 



By the Slide Rule. 
On A, onB. on A. on B. 
Aa277'3 : 48 : : 30 : 4*54 t\\e«ce8.^>5fc^«^^' 
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VI. A CIRCLE. 

RULB. 

Divide the square of the diameter by 353*036 for ii 
gallons, and by 3824*288 for imperial bushels. 

Example. 

The diameter of a circle is 45 inches ; find its area ii 
rial gallons. , 

45 
45 



225 

180 



353-036)202500000(5-736 1= the area in i 
1765180 



2598200 
2471252 

126948 

By the Slide Rule, 

On B, on A, on B, on A, 
As 353 : 45 : : 45 : 5*74 

Or: 

On JD. , mi C on D, on C, 
As 18-79 : 1 : : 45 : 5*74 = the area. 
Cir. gauge point. 

EXAMPLES 
IN FINDING THE CONTENTS OF SOLIDS 



1. A CUBE. 



r».,Kn i-j^Q given side in mcYiea, wcA ^\n\^^\s^ ^'\1*^^' 
Q8, and by ^^IB'ii lot Vca^xva^^av^^feV^^. 
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Example. 
The side of a cube is 60 inches ; find its content in imperial 
ikms and bushels. 

60^ = 216000 = content in inches. 
■ . , 216000 .„_ „ , 

2773 =77^ gallons, nearly. 

., 216000 ,^, , , , 
Also 22^072= 97-4 bushels. 

. ' Br/ the Slide Rule, 

On D, on C, on D, on C, 
As 16-65 : 60 : : 60 : 779 
On D. on C, on D* on C. 
And, as 47-1 : 60 : : 60 : 97*4 
lere 16-65 and 47*1 are the square roots of 277-3, 22182, 
Rpectively. 

II. A CYLINDER. 

RULE. 

the continued product of the altitude, square of base dia- 
iter, and '7854, will give the content in cubic inches ; and 
J» being divided by 277*3 and 2218*2, will give the content 
imperial gallons and bushels. 

Example. 
If the altitude of a cylinder be 30 inches, and its base dia- 
•'^er 24 inches, find its content in imperial gallons. 

24* — 576 

_; 30 = alt. 

17280 

•7854 



69120 
8640 
13824 
12096 

277-3)1 3571-7120(48-9 = content in imperial gallons. 
11092 

24797 
22184 

261dl 

l2 
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By the Slide Rule. 
On D, on C. on D* onC. 

As 18-79 : 30 : : 24 : 48'da8befoi 
G^ug^ point for cir. 



III. A CONE. 



RULB. 

Multiply the square of the base diameter by •} of t 
and the product divided by 353 will g^ve the qaotiei 
perial gallons. If the cone be an oblique one, who 
an ellipse, multiply the transverse, and conjugate 
together, and midtiply the product by ^ of the height 
result, divided by 353, will give the quotient ii 
gallons. 

Example. 

The base diameter of a cone is 38 inches, and it 
45 inches ; what is the content in imperial gallons ? 

38* = 1444 

15 = ^ the altitude. 



353)21660(61-35 = content in imperia 
2118 



480 
353 



1270 
1059 



^45 
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By the Slide Rule. 



on D, on C, on D, on C. 

As 18*79 : 15 : : 38 : 61*35 content as before. 



IV. A SPHERE. 



RULE. 



Multiply the cube of the diameter by *5236, and the product 
S the content in inches : this product divided by 277 3, will 
jive the quotient in imperial gallons ; and divided by 2218*2, 
Nrill give the content in imperial bushels. 

Or, 

The cube of the diameter multiplied by '0018884 will give 
:he content in impenal gallons. 

Or, 

The cube of the diameter divided by 529*55, will give the 
content in imperial gallons ; divided by 4236*43, will give the 
:;oiitent in imperial bushels. 

Example. 

The diameter of a sphere is 34 inches ; find its content in 

imperial gallons. 

*5236 24^ 

Content = -— - X 34' = ^^^:^=74-23 imperial gal. 

•5236 ^o 34' 
Also content = ^-^j^^ X 34^=4^3675^= 9.28 imp. bush. 

By the Slide Rule, 

on J), on C. on D. 

As 23-0 : 34, : : 34 : l^'ll vax^iv^ ^^^^^> 
^auge point for gall, 

65-1 : 34, . . 34 . 9.<a^ \ta^ervai\si^^^^* 
luge point for bush. 
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V. A PARABOLIC SPINDLE. 



BULB. 

Multiply the square of the middle diameter by the length of 
the spindle; and divide the product by 661*94 for imperitl 
gallons, and by 5295*54 for imperial bushels. 

Since the content of a parabolic spindle = -^ of circam- 
scribing cylinder = circumscribing cylinder -f- ^* = circum- 
scribing cylinder -f- 1*875, therefore the circular divisors 
multiplied by 1*875 give divisors for a parabolic spindle.— 
Hence, 

353036 X 1-875 = 66r943\ , . , ,. . . . 

and 2824*29 X 1-875 = 5295*54/ ^^'^^^^ divisors fori 

parabolic spindle in gallons and bushels respectively. 

Also, 
V66 1-943 and V5295o4. t. e. 25*73 and 72*77 are the guage 
points for gallons and bushels respectively. 

PROBLEM. 

To find the content of a cask, having given the head, mid- 
dle, and bung diameters, and the length of the cask. 

RULE I. 

To the square of twice the middle diameter, add the squares 
of the head and bung diameters ; multiply the sum by ^th of 
the length, and this product divided by 353*04 will give the 
content in imperial gallons.* 

EXAMPLB. 

The length of a cask is 40 inches, the bung diameter being 
32, the head diameter 24, and the middle diameter between the 
bung and the head 28*75 inches ; find its content in imperial 

^aliens. 

• See the demonstration oi J-'^^-^^^'t^^^^^.t^-^;^ 

JV/ensumUon. This n^e V .«d^^X^\* ^^'^ ^'^^^ xo,tV«»«^ 
Hadi 'outenta of caaV* •, an* apv»«a ^ 
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32^ = 1024 = (bung diameter)^ 
24* = 576 = (head diameter)* 
(57*5)^ = 3306*25 = square of double the diame- 

* ter in the middle. 

4906-25 
6-6666 = i length. 



2943750 
2943750 
2943750 
2943750 
2943750 



35304)3270a006250(93-646 imperial gaUons. 
317736 



93440 
70608 

228326 
211824 



165022 
141216 

238065 
211824 

26241 



RULE II. 



i together 39 times the sqaare of \]!QLe\>\iti^^\^x£v^\Kt^^'^ 
be square of the head diameter, an^ ^^ XAtass*^^ ^xq- 
tbe diameters ; multiply this sum "b'^ \)aa \««i:©^^ "^^^ 
product by '00003 1 , and the rea\x\t Nr^^a^ ^^^ ^^'^'^'^ 
'al gaUons. 



254 
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In the investigation of this rule it is supposed that tl 
die part of the cask, extending to ^ of the whole, is the 
frustum of a parabolic spindle, and that the two ends t 
conical frustums, equal to one another, the length c 
being ^ the length of the cask. 




Let A D, c B be the two parts which are considere* 
rectilineal, and j> b c the curved • part. Draw d b h, 
perpendicular to a b, and meeting the lower side of tl 
in H, K. — Produce a d, b c to meet in a, then are d 
tangents to the parabola. Draw a b o q perpendicular 
Then a o is the subtangent, and & o is the abscissa ; th 
from the nature of the parabola, ao = 2ob, or bo^ 

Now since ae=:ef = fb, each being ^ of a i 
therefore, d o =: ^ a o, and a o = ^ a g, consequen 
= Jao = ^5o = yV (* p — A n). 

Suppose A = bung diameter b p. 
d =: end diameter a n. 
X = A b the length of the cask. 

4 
.'.DH =:b p — 2 bo =1 A — ^(A — d) = 

Now by problem 29 in the mensuration, for finding t 
tent of the middle frustum of a parabolic spindle, we fi 

^t^\ i^ b.,' ?— -^ -^^.V^ '^ -v ^V 

solid D H K 



SL^ 



c =. 



\b 
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328 A'- 4- 44 A a 4- a^ ^ , , 

25 X 45 
Uso the two conical frustums danh, ckmb 
_ ^V (4 A 4- a)g 4- i (4 A 4- 3) a 4- ^^ Sjr^ 
- 3 • 3 

2 (4 A 4- 3)2 4- 10 (4 A 4- a) a 4- 50 a^ 

y X 25 
10 (4 A 4- a)2 4- 5 ('4A4-a) 3 4- 250 a*- . 
= 45 X 25 -^^ 

160 A^ 4- 280 A a 4- 310 3^ , , , 

= 45ir25 -^^ (^-^ 

.•. the content of the whole cask 



= A + B = |488 A* 4- 324 A a 4- 3l3a2^-J-^ 

= J39 A* 4- 26 A a 4- 25 a^} , ^ cubic inches. 

„ r -785398 J -785398 
But — = — -r — and 



90 90 90X27/S«74, 

= -000031 ; hence the content 

= J 39 A^ 4- 26 A a 4- 25 a- J X X X '000031 imperial galls. 

I consider this rule to be very exact. 



MISCELLANEOUS PROBLEMS. 

L There is a rectangular deal pVaok 'w\io%^\«^^^'^^'^ ^^^ 
finches, and breadth 18 inches. A sww^et ^\^^^ "^^ ^ 
of the whole; how far from one end xaxiaX >k» «^^ ^^^^- 
*8JDff him to cut through 6ne of the on^^^'^ 
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feet. in. 
Length =73 
Breadth = 1 6 




Area of the plank — 10 10 6 

3)- 

\ of the plank = 376 

Now it is evident that the piece cut off must be triai 
and its area equal to 3 feet, 7 in., 6 pts. 

foot, in, feet, in, "parti. 
Hence i of ( 1 6) : (3 7 6) : : 1 : length reqi 

feet long, sq.feet. 

Or '75 : 3*625 : : 1 : length required- 
1 



•75)3-625(4-8333 feet = 4 feet, 10 inche 
300 



625 
600 



250 
225 

250 



2. Find the diiFerence between the area of a triangle 
sides are 3, 4, and 5 feet ; and the area of an equilatei 
angle having an equal perimeter. 

Perimeter of the equilat. -^ = 12 ; therefore each sid 

feet ; and its area =: ^ base X perp. = ^ X 4 x V4*- 
2Vl2 = 6*928 sq. feet. And the area of t he triangle 
three sides are 3, 4, and 5 feet, is equal to V6 X 3 X 

Hence the difference = 6-9^^—^ = •^'^^ ^^ ^ ^^ 

I 
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. The breadth of a plank is 26 inches ; what must be the 
of the part cut off, so that it may contain 1 yard, 4 feet, 
inches, superficial measure ? . 

ycU ft, in, sq. in. 
1 4 72 = 1944 

26)1944(74-7 = 6 feet 2^ inches = the length req. 
182 



124 
104 



200 

182 

18 



4. If the diagonals of a quadrilateral figure be 18 and 12 
2it, and the angle at which they cut one another be 60° ; find 
^ area of the figure. 

The area of any quadrilateral is equal to the product of its 
^o diagonals multiplied by half the sine of the angle formed by 
^ir intersection. (See the 1st Problem in the miscellaneous 
»Xlection at the end of the Appendix to the Mensuration.) 

«nce the area required =18 X 12 xjsin 60° 

= 108 • Vf=54V3 = 93-528 sq. feet. 

5. A joist is 8^ inches deep and Z^ inches broad : find the 
mensions of a scantling twice as big as the joist ; the breadth 
* the scantling being df inches. 

Depth = 8^ = 8-5 
Breadth = 3^ = 3 6 



425 
255 



nea of one end of the joist =s 29*7 5 
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99-75 
2 



3-75)59-50(15-86 inches, the < 

375 [the & 

ssoo 

1875 



3250 
3000 



2500 

6. A cistern is to be lined with lead weighing 7 11 
square foot ; what will be the cost thereof, supposing t 
of the cistern to be 4 feet 6 inches, and the side of it 
base 2 feet 9 inches ; the value of lead being 4|cf. per 

feet, in* 

2 9 

4 



11 





4 


6 


44 





5 


6 



49 6 = area of the four s 

feet, in, 
2 9 
2 9 



5 
2 


6 
9 


\ of baae = T 
49 


^ ^ 
^ O 



57 O ^ 
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feet, in, pts. 

57 9 

7 



399 


5 3 
4 


1597 
^isiofl(f. 199 


9 

8 7i 


13)1797 


5 7i 


20)149 


9i nearly. 


£7 


9 9i nes 



7- Two circles touch each other internally, and the area of 
e lane cut out of the larger circle, is equal to twice the area 
the smaller circle. Determine the radius of the smaller circle, 
pposing the radius of the larger circle =» 5 feet. 

Let X =E radius of smaller circle. 

^ : 5^ : : area of small cir. : area of large cir. 
And a^ : 5* — a^ : : area 6f small cir. : area of lune. 
But area of the lune = twice the area of the smaller cir. 
... 52—^ = 2 «2 

5 
and 5* = 3 a;^ andd? = V^"^ ^*®^ ^^^' 



8. A rectangular flat roof is 24 feet 8 inches hy 14 feet 6 
iches ; what will be the cost of covering it with lead at ^^. 
str cwt., supposing the thickneaa oi XVi^ Ve«A \.^\i^ «5isS^ -^^ \r 
?jgb 8 lbs. to the square foot? 
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feet. 

24 
14 


8 
6 


345 
12 


4 

4 


357 


8 

8 lbs. per sq. foot 


2861 


4 

3rf. per lb. 


12)8584 





20)715 


4 


£35 


15 4 



9. If the surface of a sphere be represented by the number 
4 : then the circumscribed cylinder's convex surface, and whole 
surface, will be 4 and 6. Also the circumscribed equilateral 
cone's convex and whole surface will be 6 and 9 respecti?ely. 
Suppose h = diameter of the sphere. 

cr = -7854 
Then 4 ^5'^ = surface of the sphere. 

The circumscribed cylinder's convex surface =i drcumf. of 
the base X altitude = 4 cr^ x 5 = 4 flr3', the same expresacm 
as for the surface of the sphere. 

Also the whole surface of the cylinder =: 4 wd' -f area of the 
two ends = 4 crd^ -|- 2 ^3^ = 6 ^3^ 

Again, the circumscribed equilateral cone's conveji; sariiBU^=: 
circuraf. of the base X i slant side. 

Now from the nature of the figure the semi-base diameter of 
the equilateral cone = ^W ^ xV^xti^t^ Viafe e^veccs^i^rj^ of die 
cone'^ base = 8 V3 ; aiid t^^ c\Te\«fti«^^efe ^ ^. «it>i ^\'i.N^ 

fAe sJant side of the cone = ^ j^*;^^^V '"''"''""^ "^ 
cone = 4 atS v 3 X -^ ^ 
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Lastly, the whole surface of the cone = its convex surface 
h- the area of its base = 6 flrd^ -|- 3 ^3^ := 9 flri^ — ^These vari- 
es expressions for the surfaces, show that their values are as 
ne integers stated in the Problem. 

10. There is an equilateral triangular court-yard the paving 
f which cost as much at 8d. per square foot, as the enclosing 

•f the same at one guinea per yard, running measure. What 
3 the length of a side of this triangle ? 

Let a? = a side of this equilateral triangle in feet. 

The area = { - (-^.) . (--.) . (-_) ^ 

(Z X X X x\^ a^^/S 
—r- • -: • T • - 1 =r — :: — square feet. 
2 2 2 2/ 4 ^ 

The cost of which at 8d, per foot = 2a;^V3 pence. 

X 

The palisading of one side of the triangle cost - guineas, and 

jf enclosing the triangle the cost is x guineas, or 252 x pence ; 
because three feet cost one guinea. 
.-. 2 a;* V3 = 252 a; 

Or a: = -7— feet = r^— - = 72-74 feet. 
V3 1*732 

11. A gentleman wishes to dig a circular fish-pond in his 
garden ; what will be the breadth of the pond, supposing it to 
occupy three quarters of an acre ? 

Let d = pond's diameter, in yards. 
Then '7854 3^ = f of an acre = f of 4840 sq. yards. 

.-. a = 67*98 vards. 

12. The four sides of a field whose diagonals are equal to 
each other, are 25, 35,* 31, and 19 poles respectively; how 
many acres does the field contain ? 

Now in every quadrilateral figure t\ie T^cX.'Wi^^ ^i.^\!^«s»fc^^^'^ 
he diagonals is equal to the sum oi t\le Tec^«Ci^e& ^^xjX'«jcafc^^ 
he opposite sidea; (Euc. b. 6. prop.X>.^>a«i\^^*^^ » =:^ ^"^ 
e diagonals, we Lave 
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15. The distance between the centres of two circle 
inches ; what is the area of the space inclosed by the 
ferences, supposing the diameters of the circles are ea< 
to 50 inches ? 

The versed sines of the two equal arcs which bound t 
whose area is required, are each =10 inches ; hence ] 
= tab. vers. sine. 

And tab. area corr. to S = -111823 

2500 = 50* 



55911500 
223646 



One half the required area = 279*557500 

o 



Space required contains 5591 15 sq. inches. 

16. Two townships, a and b, having but one'cburcl 
bute to the repairs thereof in the proportion of 4 to 5 
happens that the church has a conical wooden spire whi 
the protection of a little paint. The circumference of tl 
base is 47 feet, and the altitude is 20 vards. Nowif ti 
ship A paints the upper part of the spire with blacls p 
the township b paints the lower part with white paint, 
from the spire's base will be the boundary between the 
lours ; the price of white paint being twice as great as 
of black paint ? 




Let A c B be the comcaXs^Xx^. Ttv^xv %ymi^ n\x&^vco 
of the cone's base = A.7 ieeX. xXietelox^ \}a& es:YK£si^\sx 

— _1L. — . 1 4-9605 ieet \ ^xv^ ^^^ T^eCvaa i. ^ -= 
^^•1416 ~ 
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Now c p = 20 yards = 60 feet. 
.. c A = V60*+ (7-4802)^ = V3655-95339204 = 60*4644 
Ind surface of whole cone == 47 X 30*2322 = 1420*9134 
If c B =: a;, 

we have circumf. a b : circumf. e d : : c a : c e. 

or 47 : circumf. e d : : 60*4644 : x, 

47jr 
.'. Circumf. b d = .,^ ,^,, 

60*4644 

o _i. i? 47ar x 474;^. 

.*. Surface of c e d =: _. X- = 



60*4644 2 120*9288 

47x* 
.". Surface of the frustum b a b d =: 1420*9134 — 



120*9288 

.*. cost of painting the upper part with hlack paint : cost of 

47^2 

inting the lower part with white paint : : X 1 : 

12u'92oo 

1420*9134- 



4,7x^ ') 
120-9288 I ^ 



But these charges are as 4 : 5 
J5^:^X1:{1420-9134-^^^:^}X2::4:5 

'''^ =11367-3072- "«^ 



120-9288 120*9288 

611a;* 
.•.j^^:^^ = 11367-3079 

Whence x = 47*43 = c e 
/. 60-4644 — 47*43 = 13*0344 feet from the base : 
SDce the township b must paint the lower part of the conical 
lire, to the distance of 13*0344 feet up the slant height; and 
le township a must paint the remaining part of the spire. 

Otherwise, 

Since the circumference of the cone's base is given, suppose 
=: c ; also let 0" = c a = slant side of the cone ; then if 

le diameter a b = A, and «* = 3-1416 and a? = c b, we 

ive 

tf* ; ^ ; ; a? : B D = — 
^ 2 ff ^^ *^^* °^ convex axwciace c tlij 

M 



^6 mscsL^A^fzoiTs 



± r 



« ^rf 



Jill mil • r — 



-I 'aiii:rr. x '^^ iztzi 



t. 



T i ^ - - L 






4r-feiist 



"j^nc^ ■ k. 1. : z J ire smuaz- 



v\ :ix.iiv.- V ? =: 7-484)2 feec aad •: f = <aD acet: «^ 
. . - . i»- - V ?^ a = T0-4a44 Bert. aoJ ' = ^'''^ 

». ,*oio >uica :* 3 iec sms, ami * birHw in o*^ 

v-.v.^v. •«.i;^iia^ i:3 ;b^?., ietermiiie rile wej^tit ot thai ** 

\,' . iK s«.i^iic viiji^e* is the aia;siiitiiide. snccthcc^ 

V - ■ / ^x 33 = 434-25 lbs. 

*v' . ».i»i> >*.haii ^-uijti^v 1 swfe of which ^ 4 incbd* 
* ^ .i»>;^ ^ui>i, «h«j;»! side is S uu^es ? 

>-• =512 
^-^ = o4 
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of, supposing the breadth of the curb to be TJ inches, and the 
inner diameter to be 3 feet 6 inches ? 

It is here supposed that the curb is annular ; consequently 
the content of the oak = |(56-5)2 -— 42*J X -7854 = 
j3 192-25 — 1764} X -7864 = 1428-26 X '7854 = 
1181*74755 square inches = 7*789 square feet, which at lOd. 
per square foot = 77*89 pence = 6$. 5frf. the expense re- 
quired. 

20. A paviour charged £lO for paving a semicircular 
court-yard at 28, 6d, per square foot ; what is the diameter oi 
the pavement ? 

Let d = diameter of the pavement in feet. 

Then ^ d' X '7854 X30rf. = cost of paving the semi- 
circular yard at 30d. per square foot. 

Hence ^ 3* X -7854 X 30 = 2400 pence. 

Or a* X -7854= 160 

1 fin 
... 32 = _-i^= 203-7178 
•7854 *^ ' ^" 

and a = 14-27 feet. 

21. A farmer borrowed of his neighbour part of a ha) 
rick, which measured 6 feet in length, breadth, and thickness 
At the next hay time he paid back two equal cubic pieces 
each side of which was four feet. Has the debt been dis- 
charged ? 

43 = 64 
2 



.128 cubic feet = the content of the hay whicl 

tras returned. But 6^ = 216 cubic feet = the content of th( 

■ hay which was borrowed ; hence 216 — 128 = 88 cubic fee 

the content of the hay which remains unpaid, and which ii 

therefore due to the lender. 

22. What is the worth of a piece of oak timber of uniforn 
thickness ; whose end is an ellipise, the xtt^^ot ^w^\saw^x -secw 
of which are 3 and 2 feet respectweVy \ \)aa\ev\%\^^'l ^^>c 
ber being 20 feet, and its value 2s. 3d. ^ex cvsXivi ^c>^\X 
The area of the eJJipiic eud = 3 X ^ >^ *^^^^ = ^' 
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Hence 47124 

SO 



Content = 94-2480 cubic feet. 

27 pence per cubic foot. 



659736 
188496 



12)2544-696 pence. 



2,0)21,2-058 



£\0 \2s, OJrf. r= value required. 



23. Three men bought a grindstone, whose diameter ¥ra8 60 
inches : what part may each person g^ind away, supposmg tbe 
men to have paid equal shares of the cost ? 

See the figure in Problem XLVIII. of the Practical Geo- 
metry. Let o A be the radius of the grindstone ; then make 
AD::— DE = EO = 10 inches; upon o A describe a semi-cir- 
cle, and draw d h, e i perpendicular to o a ; then if circle? be 
described with radii o h, o i, the parts due to each piu"chaser 
will be marked out. For oa:oh :: oh :od; hence 
o A : o D : : o A^ : o H^ : ; cir. a b c : cir. des. with radii o B. 
.'. o A : a D : : o a^ : o a* — o h^ : : cir. a b c : first annulos. 

2. ^. 3 : 1 : : cir. a b c : first annulus. 
.-. first annulus = ^ the cir. A b c. 

In a similar manner, it may be shown that the annulus con- 
tained between the circumferences of the circles described with 
radii o h, o i is equal to J of the whole circle a b c ; and con- 
sequently the circle described with radius o i contains J part 
of the whole circle. 

To compute the values of (o a — o h), (o h — o i), or the 
breadths of these annuli, we have 

oa:oh::oh:od 
30 -.OH -. *. o_tt_\ "i^ 



MISCELLANEOUS PROBLEMS. 26 

Hence 30 — 24*494 = 5-506 = breadth of the exteric 
annalus. 

Again, oa:oi::oi :ob. 
Or, 30 : oi : : oi : 10. 

.•.01 = V300 = 17*320 = radius of the innermost part 
Consequently oh — o i = 24*494 — 17*320 = 7*174 = 
breadth of the second annulus. The person who first uses tl 
grindstone may therefore wear away 5*506 inches; the secon 
person may wear away 7*174 inches; and the last person' 
share will be a circle, whose radius is 17*320 inches. 

24. How many gallons, imperial measure, are contained i 
a qistern, whose length and breadth at the top are 5 and 4 fee 
respectively ; and at the bottom 4 and 3 feet : the perpen 
dicular depth being 3^ feet ? 

Area of one end = 20 square feet. 

Area of other end =12 square feet. 

4 times area of mid. sect. =: 63 square feet. 



95 
•5833 = i the height. 



29165 
52497 



55*4135 = content in cubic feet. 

Now one gallon imperial measure contains 277*274 cubi 
inches, and one cubic foot contains 1728 cubic inches, .*. on 
cubic foot contains •^-H'tlr g^^^ons, or 6*232 gallons; henc 
if cubic feet be multiplied by 6*232, the result will be in im 
perial gallons. 

55-4135 
6232 



1108270 
1662405 
1108270 
3324810 



Content = 345*3369320 gaUotift. 



170 

25. A ladder 30 feet long, may be so placed that it ihil 
reach a window 20 feet from the ground, on one eide of ti 
street ; and by turning it over, without removing the foot, J 
will reach a wliidow 3i feet high, on the other side of the 
street. What is the breadth of the street? 

From the nature of this problem, it is evident that tbe 
breadth of the street is equal to the sum of the bases of tt 
right angled triangles, whose perpendiculars are 90 hdiJ 2 
the hvpotlienuse 30 being common to both : hence the r 
quired breadth = (30'— aO')t+(30'— 84')t 

=V6UO+Vaa4 = 2a'36+18 = 40-36 feet. 

S6> A gentleman having a garden in the form of a rei 
tangle, lOO feet long, and 80 feet broad, wishes to make s 
gravel walk round it. Determine the breadth of the walk, to 
that it ehall juat take up one-sixth part of the ground? 



Let A B c D be the rectangular garden ; and let x ^ b h s< 
the breadth of the walk. 

Then 100 k ^ area of parallelogram m c. 
100 a; = area of parallelogram p b. 
Also p M = 80 ~ (a- P+ D m) = 80 — 9 a;. 
.■. Parallelograms p h, p a together :^ f80 — 2 a;) x 9*' 
Also area of the whole garden = 100 X 80 = 8000. 
Hence 200 a; + (80 — 2 .r) . a a: = J of 8000 = 1333-53, 
Or 200 a: + 160 i^ — 4*^ = 1333-33. 
Whence 4 a;'-~360 3;= — 1332^. 
ir'— 90 a: = — 333|. 

x'— 90 a; + 45' = 45 '— 333^ = 1691-6666. 

.-. X — 45 = Vl631-6666 = ±4i-13 feet ne&riy, 

.-. a; =45 + 4113 = 3-87; whereit isevideDltiit 

we must take the negat\veWB\\iie ol -iVX?., w •«( 

* greater than the breadtb o£ \^e gaiiesv. 
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87. Determine the diameter of a circle whose area is equal 
the convex surface of a cone whose altitude is 5 feet, and 
diameter 3 feet. 

Radius of cone's base = 1*5 feet. 

••• slant side of cone = |5*+(l*5)2|i = 5-22 feet. 

Also the circumference of the base =:3*1416x3 = 9*4248. 
.•, convex surface of the cone = 9*4248 X 2*61. 

= 24-598728. 

Hence if a? = diameter of the required circle. 
•7854X«*= 24-598728. 

, 24-598728 _ «, ,„ 
'''^= -7854 -^^'^^' 
and X = V31-32 = 5-6 feet nearly. 

S8. It is required to determine the thickness of the lead in a 
3pipe of 1^ inches bore ; supposing a cubic foot of lead to weigh 
11325 ounces, and the pipe itself to weigh 18 lb. per running 
^ard. 

Since 1 cubic foot contains 11325 oz. 

.'. 1 oz. contains -tttt^t:: cubic inches. 

-11325 

And 288 oz. or 18 lbs. contain — r-rT:r- — cubic inches. 

•11325 

. Now if a? = the thickness of the lead, 

.j(2a?+ 1-5)* — (1-5)2} X 36 X -7854 = the content of 1 yard of 

the pipe in cubic inches ; but 1 yard of the pipe weighs 18 lbs. 

, ^ . 1728X288 , . . , , 
and contains — - -_ .^ — cubic inches ; hence 

1 l32o 

{(2 ar+ l-5)«— (1-5)«}X 36 X -7854 = -^^^®^^®^ 



Or (4 a^ + 6 ^) X '7854 = ^^^ = 1-220663 



11325 

- = 1 -9' 
11325 



^ , ^ 1*220662 , _^^ , 
.'. 4 ar + 6 = — ^^,, = ro542 nearly. 

•7854 '' 

a;' -t i a: == *3S85 

^-hi^-h-^ = '5625 -V- -^^^5 = -^^^^ 
^ -h "^ ^ '975 * 

ar= '975—75 = -225 of an mc\i = t\ie X^DM^fe^K^'a* 



x« 
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89. Determine the areas of an equilateral triangle, a sq 
a hexagon « dodecagon, and a circle ; the perimeter of eacl 
ing 49 feet. 

First to find the area of the triangle. 
1^ perimeter =: 84*5 
and each side = 16*333 
84-5 has for its log. 1-3891661 
8*167 has log. 0*9180686 

8* 167 log. 0*9180686 

8167 log. 0*9130686 

8)4-1853539 



115*55 = 8*0686769 
area of the triangle, 



A side of the square = 13*85 

13*35 



6135 
8450 
3450 
1335 

Area of the square = 150*0635 



A side of the hexagon = ^® = 8*1666. 
Tabular multiplier is 2*598056 

66*6933 = (8*1666)* near 



7794*2*28 
7794228 
23382684 
15588456 
15588456 
15588456 

ilrea of hexagon = l^^-^l^'i^YO^O^ 



MISCELLANEOUS PROBLEMS. 273 

A side of the duodegon f| = 40833. 

Pabular multiplier is 11 * 1 96 1 52 

16-6733 = (4.0833)* nearly. 

33588456 
33588456 
78373064 
67176912 
67176912 
11196152 



a of duod. = 186-6768011416 



For the circle, '07958 

2401 == 49* 



7985 
31832 
15916 



Area of a circle = 191 07158 



D, What will be the cost of gilding the ball at the top of St 
[*s Cathedral, at the rate of 4rf. per square inch ; the dia- 
sr of the ball being 6 feet ? 

•7854 

36 = 6* 



47124 
25562 



28*2744 = area of a great cir. of this sph, 

4 



'. of the ball = 1130976 sq. feet. 

144 



4523964 
4523904 
1130976 



25286-0644 sq. inc\ies 



1 


lOM-DSU iq. iad^. 

W. per fct- bch. 


Cc^ = «l4*2176peEi«. 


«.o)54a^ eJ. 


£nt 6 8 


a. Vtam ■■! tW amnaX of the l«wr eegmenl of a pn 
f Ifa ■»: *■ t— nn of tbe generating ellipse bdng iS 
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32. How high above the surface of the earth must a person 
Acend in order to see one-fourth part of its surface ? 



Ox---^ 



I E DB j 



0"^- ^ 



Since the surface of any part c b q of the earth (supposed to 
be a sphere) varies as b d; therefore if the radius b b be bisected 
ill r>, and n c be drawn perpendicular to b b, a tangent c a 
drawn from c will meet the diameter of the sphere produced in 
A, the point in which the person must be placed so that he may 
Bee one-fourth of the whole surface of the earth. 



Now by sine As. AB:Bc::Bc:Bn. 

BO 



or A B : B c : : B c • ■* 



2 Bc2 

.•.AB = — =2bC. 

B C 

And A E = b c = the earth's radius. 

Kence a person elevated above the earth's surface to a distance 
^oal to the earth's radius, may thence view one-fourth of the 
^Brhole surface of the earth. 

• In a similar way it must be shown that in order to see one- 
tiiird of the surface, a e must = diameter of sphere. 

33. Find the content of a Winchester bushel of mustard seed, 
Iieaped up in the form of a cone to the height of 6 inches above 
^he top of the bushel ; the internal diameter being 18|^ inches, 
cu)d its depth 8 inches. 

•7854 
342-25 = (18-5)* 

136900 
171125 
273800 
239575 



^58*803150 = area oi cotie'^'Vi^'&^* 
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868*803150 = area of cone's base. 
8 



8150*485300 « content of cylindrical part. 
537*606300 = content of conical part. 

Contents 8688*0315 cubic inches. 



34. A person wants a cylindrical vessel 3 feet deep, that 
shall contain twice as much as another cylindrical vessd wlioie 
diameter is 3^ feet» and altitude 5 feet. Find the diameter d 
the required vessel. 

Let X =: the diameter of. the required cylinder's base. 
a^ X -7853 X 3 = 3 X (3*5)« X '7854 X 5. 
3 a^ = 10 X (3-5)* = 133-5. 

a^ = 40-8333. 
.-. X = 6*39 feet. 

35. Two persons agreed to drink off a quart of beer. Now 
the first person drank till the surface of the liquor touched the 
opposite edge of the bottom ; he then gave the rem'ainder to 
his companion . Which of these persons drank the larger share ; 
and supposing the beer to cost 6rf., what ought each person to 
pay ? the pot being the frustum of a cone whose end diameters 
are 3 and 4 inches respectively, and its depth 5 inches. 

Product of the two diameters = 1 2 (see Prob. XXIII. in 
Solids.) 

and V12 = 3*4641 

3 = lesser diameter. 



10*3923 

\^* "=. (g;ceater diameter). 



4 a =\^ v^onn 
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5-6077 

20 = 4x5 



1121540 
'2618 

897232 
112154 
672924 

224308 



Oontent of the liquor \ _. 

given to the comp. / 29*3519172 cubic inches. 

43 — 33 
A\bo content of whole pot = X "7854 X f cub. inch. 

(Prop. IX. Appendix.) 

= 37 X -7854 X I = 48-433 cub.in. 

Hence as 48-433 : 6 pence : 29*3519172 

6 



48-433)1761115032(3.6361 
145299 



308125 
290598 



175270 
145299 

299713 
290598 

91152 



Hence the person who drinks first must pay 2*3639 pence, 
and the person who drinks next must pay 3*6361 pence ; i, e. 
their shares of the payment are^ 2^(2. -f *4556 q., S^. + 
•5444 q. 

S6, Three persons having boxigVit a ^wiVissJi ^•Ql'^^x Vs^ 
raA to divide it into three equal partA >a^ ^^cxSaxA \^Kt^^ 



27S 



MISCELLANEOUS PROBLEMS. 



the base ; it is required to find the altitude of each penoi'i 
share ; the altitude of the loaf being 20 inches. 

Now since similar solids are as the cubes of their homologM 
sides, therefore, if a; = altitude of highest portion, and jf s 
that of the middle portion. 

Whole cone : upper part : : 20* : (c^ 
3 : 1 : : 20^ : dc3 

20 

.-. a? + y = —r^r- = 13-867. 

Again, whole cone : two upper portions : : 20* : («+!)* 
Or, 3 : 2 : : 20^ : (^ + yf 

.-. a? + y = 20 ^ 

1/2 1 i^^— 1 

Consequently 20 — |3-604 + 13*867 J = 20 — 17.471 = 
2*529 = altitude of the lowest part of the loaf. 

37. A solid in the form of a paraboloid is to be divided into ' 
three equal parts by planes parallel to the base. DetermiDe 
the portion of the axis intercepted by the planes ; supposiog 
the height of the solid to be 25 inches. 

Let X = altitude of the highest part, 
and y ^ altitude of middle part. 

Whole solid : highest part : : 25^ : «* 
3 : 1 : : 25* ; a;* 

1 

.-. a; = 25 . -7= = 14*437. 

Again, whole solid : two upper portions : : 25* : (x + y)' 
Or, 3:2: : 25* : {x + y)* 

V2 

.*. or + y = 25 . -;= 

^ V3 

V2— 1 
andy = 25. — -^ = 5*977 

Consequently the altilud^ qI X^^^ Vjw^^X \nt>ci^TL -ss^ ^^^ 
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38. A gentleman having a rectangular bowling green, 300 
long, and 200 feet broad, wishes to raise its surface one 
ZM}t, by means of the earth to be dug out of a ditch that sur- 
vDiinds it : to what depth must the ditch be dug, supposing its 
»7eadth to be ever3rwhere 8 feet ? 

XiCngth = 300 feet. 
Breadth = 200 feet. 



60000 

1 foot deep. 



60000 cubic feet to be dug out of the ditch. 

Let X r= depth required. 

Then the content of the earth dug out=:2x 316x8 X x 
+ 2 X 200 X 8 X a;. 

= 6056 X + 3200 x = 8256 x. 
.*. 8256 a? =60000 

X = ^5^= 7|f feet, as required. 

89. A cubical foot of copper is to be drawn into wire, the 
diameter of which is ^ of an inch. Find the length of the 
wire. 

Let X = the length of the wire in inches. 
Then since the diameter of the wire = *025 inch, the con- 
tent of the wire = '7854 X ('025)* X a? cubic inches. 

'025 
'025 



125 
50 



•000625 
•7854 

2500 
3125 
5000 
4375 

'0004908760 
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1728 
. a; = - inches = 3520244 • 4614 inches = 

97784 * 55 yards =:55|^ miles nearly ; the error being in d^ 
feet. 

40. If a cylindrical cistern be 26*5 ioches in diameter, and 
52*5 inches in depth : required the diameter of a cyliDdrial 
cistern that will hold twice as much as the former, supposing 
its depth to be the same. 

Let X = diameter of the required cylinder. 
Then '7854 X a?* X 525 = its content. 

Also -7854 X (26'5)2 x 52-5 = content of the first mea- 
tioned vessel. 

Hence, from the condition of the problem, 

•7854 X a?2 X 52-5 = 2 X '7854 X (26-5)* X 5»'5 
Or a^ = 2 X (26-5)' = 1404-5 

.*. a? = V 14045 = 37-47 inches, 'the diameter re- 
quired. 

41. Find the diameter of a globe whose solidity and super- 
ficial content are expressed by the same number* 

Let X = the diameter sought. 

Then if «• =r '7854 = area of a circle to diameter unity; 

4 flf a;2 = superficial content of the globe. 
And ^ir oc^ =z content. 
Hence, iffffa:^ = ^ 'Tx^ 

X =1 6 :=: the diameter sought. 

42. Determine the value of the frustum of a marble cone at 
12 shillings per cubic foot, the diameter of the greater end 
being 4 feet, that of the lesser end l^ feet, and the slant side 
8 feet. 

43 = 64 See Problem IX. in Solids. 

(i-sy = a-^7o 

Difference = 606^5 
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2-5)60-625(24-25 
50 



106 
100 



62 
50 

125 
125 



Also the altitude of the frustum = {8»— (l-25)2Ji: 
4376 = 7-901. 

Hence 24*25 

•7854 



9/00 
12125 
19400 
16975 



19045950 

2*633 = i the altitude. 



5713785 
5713785 
11427570 
3809190 



Content = 501 4798635 cubic feet. 

1 2*. per cubic foot. 



601-77583620 
12 

9-31003440 
4 

1-24013760 



Value required = SOU. 9^. =r £^^ \8>^Vi^ 
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43. Three peraons bought a piece of timber, vtudi 
shaped like the fruetam of a square pyramid. A side of 
greater end was 3 feet, a side of the lesser end 1 foot, ani 
length of the timber 18 feet: determine the altitude d 
man's share ; all the shares being supposed equal. 
Area of greater end = 9 

lesser end =: 1 

Square root of their product := S 

13 

6 =itltelid 

Content = 78 cubic feet. 

Let X = altitude of the highest portion ; 
and y =^ altitude of the middle portion. 




Let p s T T R be the given frustum, whoso ends s 

are squares. Produce b p, v a till they meet in a., the 

A p K be a pyramid similar to the pyramids a s v, a c d. 

Now ao:ao::ab :AP::BT:pa:.'3: 

.-. oo : A : : 2 : 1, or a o = J o o = 9 feet 



And content of p^ivmii k > ii = 



'■■^r^ 
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t similar solids are as the cubes of their homdiogous 

.*. solid A c D : solid a p r : : a n' : a o' 
29 cubic feet : 3 cubic feet : : (9 + a?)^ : 9^ 

V29 
9 + a: =9 —=19172. 

o 

lud 0?= 10*173 =: on = altitude of the highest portion. 

10 solid whose altitude is (19*172 + ^) : solid a c d : : 

72 + y)^ : (19*172)3 

>r 55 : 29 : : (19*172 + y)^ : (19*172)^ 

•. 19*172 + y = 19*172 X '^1^ 

^^owlog. 55 is 1*7403627 
log. 29 is 1*4623980 

3)0*2779647 

•0926549 
Log. 19*172 is 1-2826674 



23*7313 = 1*3753223 
Bnce 19*172 + y = 23*7313 

.*. y == 23*7313 — 19*172 =4*5593. 

isequently the altitude of the lowest frustum =18 — 
13 = 3*2687 feet. 

Determine the diameter of a circle whose area is equal 
e whole surface of a conical frustum, the altitude of 
is 3 feet» and end diameters 5 and 2^ feet respectively. 
3*1416 
5 



15*7080 = perimeter of the base. 
7*8540 = perimeter of the upper end. 

23*5620 = sum of perimeters. 



otbe slant height of the frustum = nI^* j^ ^V^^ 
6»3 = 3-85. 
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23-5620 

3*25 = slant height. 



1178100 
47124 
70686 

2)76-576500 



.-. surface of frustum = 38.28825 square feet. Prob. 

Area of lesser end =: 4*90875 [Appen. to MeDsanitk 
Area of greater do. =19.6350 



62-83200 = whole surface of the! 

turn. 



Hence if a? = diameter of the required circle, 
a^ X -7854 = 62-832 

.-. a: = 8*944 feet the diameter sought. 



45. Determine the hore of a cannon which is cast for a 
Ih. hall ; so that the allowance for windage may he -j^ of 
inch : supposing an iron hall of 4 inches diameter to weigl 
Ihs. 

Here 9 : 4^ : : 24j^83 

. V24 V8 

.-. 0=: 4 -;r = 4 -. 
9 3 

Log d = log 4 + J |log 8 —log 3| 

= -6020600 -f i {-9030900 — -577X213} 

= -6020600 -f -1419896 = -7440496 

.-. 5 =r 5.5468 = diameter of the ball ; to which if we i 

^^ for the space hetweeu the ball and the inner sides of theg» 

we shall have 5*6468 inches the hore required. 



46 How many sVvot we \\vfixe \^ «. <iws!c^^\ft. O^ts^^^ 
ngth of whose base coxvtams ^^. ^x.^^ xV^X^^eiSi^lS^ ^ 
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48 = m 
3 



144 = 3 m 
1 

145 = 3 m + 1 
30 = it 



115 = 3 m — n -f 1 
30 

3450 
'31 



6)106950 



iuired= 17825 balls. 

N many shot are there in an unfinished oblong pile, 
same length and breadth as in the last problem ; the 
breadth of the highest course being 24 and 6 ? 
d the number of shot contained in a complete pile, 
^h and breadth are 23 and 5 respectively, then the 
between this number and 1 7825, as found in the last 
'ill give the number sought. 
23 
3 

69 
1 
— . 17825 

70 325 



No. = 1 7500 shot. 



•65 
5 

325 
6 

6)1950 

S25 
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48. Determine the number of shot in a trianguls 
side of whose base cuutains 50 shot. 

50 
51 



2550 
53 

5100 
1275 



6)132600 
No. req. = 22100 shot. 



49. How many shot are there in ah unfinished 
of 12 courses; the length and breadth of the top 
40 and 10 shot respectively ? 

Since there are 12 courses or layers of balls, ai 
length and breadth of the base decrease by one b 
course, therefore the length and breadth of the I 
51 and 21 shot respectively. 

51 
3 



153 
1 

154 
21 

133 
21 

133 
266 
2793 
22 

5586 
5586 

6 )61446 
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39 
3 



287 



117 

1 

118 
9 

109 
9 

981 
10 

6(9810 



1635 
10241 



8606 = No. of balls required. 



circle is inscribed in tbe quadrant of a given circle ; 
,e the difference between the area of the quadrant and 
of the inscribed circle : supposing the radius of the 
; to be 5 feet in length. 




c P 



A E 



B c be tbe given quadrant; b\%ec\.>i5ci^ w^i^^ k^^\p\ 
rbt line c d : and at d dta^r t> *, Voxx^va^^^ ^^gja^^ 
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rant, and meeting c a produced in b. Make c r = J 
From F draw f o, at right angles to a c ; then is o the oe 
of the circle inscribed in the quadrant a d b. For since 
= A B, .*. A = F B ; but ca^cd = ob, becaiw 
angle d c b ^ angle d k c = -J a right angle ; hence d b = 
and angle b d f = angle b f d ; consequently the angle g 
^ angle o f d, and o o is therefore equal to o f. If o i 
drawn perpendicular to c b, it is evident that o f = o b; 
therefore a circle described about centre o at the distance 
will pass through h and f. touch the lines c b, c a, am 
inscribed in the quadrant b c a. 

Let c D = r, andj'ss 3* 141 6 = area of a cir. to radiusn 

Then c b = r VS. 

And c F = r I V2 — 1 1 = radius of the inscribed drc 
.-. CF* = r*. |3 — 2V-7J. 

And the area of inscribed circle = Tr* |3 — 3 VsJ. 

Also the area of the quadrant a d b c = 



4 



ncr 



8 



/. the difference = — vi^\^ — 2 v^. 

- ffl-r* — 
= flrr*|i — 3 + 2V2| = — -|8V2 — 11J=6' 

square feet. 

51. An irregular lump of ore weighs 15 ounces aToin 
in air, and 13 ounces in water; another mass weig 
ounces in air, and 1 4 in water ; determine the rates oi 
respective densities? 

Let A, a' be their respective densities, 

and s = specific gravity of water. 
Then weight lost in water : absolute weight : : * : 

or 2 : 15 : : 5 : A= — -. *. 

2 

Again, 

o 

.'.A : A' : : — ,s : — . 5 ; : 45 : 34, the required r 
2 3 ^ 

their densities, or speci^c ^t«ln\\a^^. 
52. A solid spbeie o^ \TOtv, yiVo^^ ^vwsNfcXKtNA \*\b 
'y Jet fall into a con\c«\ s"^^^ ^^"^^ ^^ ^"^^^^ '"^'^ 
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Letermine how much wine will run over ; the altitude of the 
iel being 6 inches, and the diameter or width of the glass 
iches. 




Let A V B be the conical glass, into which the sphere is 
itly let fall. Let c be the centre of the sphere, and draw 
' from c, to the point where the sphere touches the side of 
i glass. 



I^^ow V B = V v d' + D B^ = V6' + (2-5)« 

= V36 + 6-25 = V42-25 = 6-6 = slant side 
the glass. 

And by similar triangles, 

db:bv::ct:cv, 

13 
or ^'5 : 6'5 : : 2 : c v = -- = 5*2 = distance of ball's 

2-5 

sntre from the vortex v of the glass. 

Hence the ball sinks with its centre to the depth *8 of an inch 
dow the plane of the base a b ; consequently the diameter is 
nmersed to the depth 2*8 inches. And the number of cubic 
iches contained in the segment immersed is equal to the 
oantity of wine which flows out. 



Now D a = V2-8 x 1-2 (Euclid, book vi. p. 8,) = V3-36 
.'. 3 D a* = 1008 

nft = 7-84 

» 

Sum = 17-92 



990 
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Sum= 17-93 

2-8 = height. 



14336 
3584 

50176 
•5236 



26*2721536 cubic inches^ = f of a put ne^ 
imperial measure ; the gallon containing 277*274 cable inte 
and the pint 34*6592 cubic inches. 

53. If the four sides of any quadrilateral be bisected, W 
lines joining these points will form a parallelogram. Agtt«il| 
the diagonals of the quadrilateral be drawn, they vill cot ikl 
sides of the parallelogram; and by joining the points of W- 1 
tfon, a figure will be formed similar to the first qnadrilatail 
Let this process be continually repeated ; then if A = the W 
o the given four-sided figure ; determine the sum of then*] 
of all the quadrilaterals, and of all the parallelograms. 




Let A B c D be the proposed quadrilateral. Bisect its s^ 
in the points b f h g. Join f s, e g, o H, h f, and draw oi 
diagonals a c, d b. Now because a f = f b, and a « s »* 
.-. A F ; F B : : A B : E D, consequently b f- is parallel to » ■' 
Euclid, book vi. p. 2. For the saiHto reason, o h is panlW* 
D B, and therefore Q h and b f being both parallel to Dit • 
parallel to one atvolher. In. the same way it may be slw* 
that E G and f h are ea.c\i ^«wXV.^ \^ k. ^, "«»&. \3QArefort tl 
fignre b o h f is a paTs\\e\o^TOa\. 



MISCELLANEOUS PROBLEMS. 391 

^ext, suppose the diagonals a c, d b, to cut the sides of the 
-x-allelogram s o h f in the points m, n, o, p. Join m n, n o, 
x**, p M ; and let x be the point in which the diagonals cut ont 
i €Dther. 

Then since d n : n a? : : d g : o c. 
«And co:oa;::cG:oD. 

• \ the sides d a?, c « of the triangle dxc are cut proportion- 

L^^ in the points n, o, hence n o is parallel to d c. In the 

'Kne manner, it may be shown that n m is parallel to d A, m p 

A B, and p o to b G, whence the figure m n o p is similar to 

^) c B. Again, if the sides m p, p o, o n, n m be bisected in 
8, r, Qi and Q T, T s, s R, R Q be drawn, the figure q t s r is 

parallelogram, similar to the parallelogram e f h g. And if 
^^ points in which the diagonals a c, d b, cut the sides of the 
^Tdlelogram q r s t be joined, a figure will be formed similar 
^ M N o P) and to a D c b ; and the middle points of this last 
^^ntioned figure being joined, will form a parallelogram simi- 
le to the preceding parallelograms which have been formed. 



Now A A B F : 


A 


A D B : : 


A 


B^: 


A D* : 


: 1 


:4. 




and 


A B p G : 


A 


A B c : : 


D 


G*: 


D c^ : 


: 1 


:4, 




, and 


A c G H : 


A 


D B c : : 


c 


fl2: 


G B* : 


: 1 


:4, 




and 


A B F H : 


A 


bag:: 


B 


F^: 


B A^ : 


: 1 


: 4. 




.-. The four As a 


E 


F, B D G, 


G 


G H, 


, B F H 


: whole 


quad. : : 


: 2. 
















• 





Hence the parallelogram e g h f = — . 

Now the A N M p = ^ parallelogram b N p f, 
and A N o p = -J- parallelogram g n p h. 
.*. the quadrilateral m n o p = ^ parallelogram e g h f 

A 

■ 

From this construction it appears that there will be a series 
tf qaadrilaterals, whose areas are a, — , -p, --g, &c., ad infini- 

A A A 

,^m ; and a series of parallelogramB whofte «xeak« «t^ — ^ -^> -^ 
^c, ad iidhutum. 



{ 
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Now A + -7 H- -^ H- &c., ad infinitum =: ; — r = ---. 
4 4^ 1 — I 3 

^^^ 2 "*" 8 "*" 32 "^ ^^*' ^^ infinitum, = t^^t = y 

54. A sphere, whose diameter is 6 feet, is cut hy two pir- 
allel planes distant 2 feet 6 inches from each other : find tbe 
convex surface of the frustum intersected by the planes. 

Now the convex surface of any zone or segment is fomidlif 
multiplying its altitude by the circumference of the sphew; 
hence 

31416 
6 



18' 8496 = circumference of sphere. 
2*5 = altitude of frustum or zone. 



942480 
376992 



Surface = 47-12400 square feet. 



55. If the linear side of a certain cube be increased ow 
inch, the surface of the cube will be increased 246 squari 
inches. Determine the side of the cube. 

Let a; 1= a side of the cube. 
Then 6 x^ = whole surface of the cube. 
But if the side be increased by 1 inch, 

6 (x + ly == whole surface of the cube. 
Hence 6 {{x -^ ly — oc'l =: 246. 
Or (X + 1)2 — a;2 = 41. 
.-. 2a;+ 1 = 41. 
And 2 a; = 40. 
i. e. x = 20 inches, the side required. 

56, If the linear side of a certain cube be increased one ind 
the solidity of the cube will be increased 9 1 inches. Determin 
the side of the cube. 

Let a; = a svde oi \)[i^ cxiJa^. 

Then a? =i conlexit. oi \>:i^ cxjJo^. 

Hence (a: -V- ^T — a? = ^^^1 ^^ ^^^^. 
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Or3a;*H-3a;+l 

.'. a^ -\- X =1 30. 

And a;* + a: + J =: 



= 91. 
121 



And X = 
^de required. 



11 — 1 
2 



— - = 5 inches, the length of the 



57. Express the side of a square inscribed in a triangle, in 
terms of the three sides a, b, c ; supposing b to be the base. 




i-: p F 



Let A B c be the triangle, whose sides a b, b c, c a, are 
represented by a, b, c, respectively. And suppose d e f a to 
be a square inscribed in the triangle ; also let a p be perpen- 
dicular to the base b c ; and a; = a side of the square. 
Then by similar triangles, 
ap:bc::an:dg. 
Or AT : b : : A N : a;. 
..'. AP ; N p : : ft : b — x, 

b X 
Hence a p = 



b — x' 



And 



A P . B C 
2 



b'^X 



"" 2 ( ft— a;) 

b^x 
». e, area of -A. a b c = 



2 (b—x) 

But area of the triangle = J -^ p (^ p — <^^ • ^"9 — ^N* 
ip — c)}i 
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... ^pz^^ lip (4p «) . (4p— *) • (ip—<^)\\ 

58. If the dimensions of the sphere and cone be the Mme« 
in Problem LI I., and the cone only half full; determine tie 
len^h of the sphere's axis immersed in the wine. 




Let N be that point in the cone's axis, through whicli, if < 
plane pass parallel to a b, the cone will be divided into tw 
equal parts. 

Content of whole cone : ^ content : : v d^ : v n*. 

Or 2: 1 :: 6': VN^ = ^=108. 

.-. V N = V4 = 4*7622 inches = the altitude at wW 
the wine stands in the glass when half full. Also in Probl 
LII., it was demonstrated that nh = 2*8 inches ; .*. v6 =: 3 
consequently v n — v 6 = 4*7622 — 3'2 = 1'562S inches 
that part of the sphere's diameter which is immersed, when 
glass is half full of wine.* 

59. The cone being the same as before, and only half 
find the diameter of that sphere which being gently let 
into the glass, will be just covered by the fluid. 

* N is the point wliere the fluid stands before the sphere is put ia 

after the sphere is put in, the surface rises a distance 4f» such, that the eo 

of tiie conic frustum, w\\ose aWWAide \% x,V& «^^V& t\v<d content of a teg 

«/* a sphere whose a\Ulud© = \b^^^ Vi t«^\>sa 7.. 'Wx^ i^^>sM^ •'«kVns 

\ inch ; therefore tVi« vrVioVfe ^Tk\% Vrnm^t^^^ ^ss-^t-^^^-V \&i&»^ 
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. >"'' — D ■- 


Ak— — ■ 




Py _j^ 




\ e 


>/'' 



B 



Let a 6 be the surface of the wine before the sphere is put 

and when the sphere is immersed, suppose the surface to 

3 to p Q, which touches the sphere in r. Then it is evident 

X the content of the frustum t a b q, — content of the 

lerical segment whose height is n r = content of the sphe- 

il segment whose height is' n o : i. e, the frustum rab q=: 

I sphere r o. 

Let a: = radius of the required sphere in r = '7^54 ; and 

« o 2 < 16 flra?3 
I content of the sphere — 8 ar X -r- = — - — • 

3 «$ II 

Then the glass being half full, the fluid stands at the altitude 

jj = 4-7622 inches. 

And V D : D B : : V N : N ft. 

Or 6 : 2-5 : : 4*7622 : n ft = 1-9843 inches. 

And vD:VB::vN:vft. 

Or 6 : 6-5 : : 4' 7622 : : v ft = 5*15905 inches. 

For convenience let N v = a, n ft =r ft, v ft = c. 

^ ex 

Then c : b : : cv: a?.-.cv=-r* 



ft + c. ^ 
And v R X -{- c X = — 7 — *• 



Now cone v p q : cone v a ft 



■-m-') '■ 



«»:a» 



— / ft+ C\ 9 3 J 

And frust. p a ft q : cone v a ft : : I -"T"^ I • ^ — * • • 

l6«'a?^4flrft^a /ft-fc 

6 



- 3 






a»— rf-.«f 
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Whence x = 



5 + c 



) ,^ — (^ ' 



ah 



= 1*66 inches. 



If the same were required, on the supposition that tbe '( 
be \ fall of wine, the diameter will be found ^= 2'446 inda' 
nearly. 



60. Fmd the dimensions of ^ hollow conical frastom tli 
will hold 13 gallons, the end diameters being as 5 to 3, and 
depth of the vessel 12 inches. 
Now 5^— 33 = 98 

6 — 3 =2 lA 

^^""^'= V. = 4.9 

4=ithealt. 



•• 5—3 



1 



196 



Now 1 gall. imp. meas. contains 277*374 cubic inches. 

13 



831822 
277274 



•7854)3604-562(4589-46 
31416 

46296 
39270 

70262 

62832 

74300 
70686 

36140 
31416 
47240 
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And 1^ = 23.415612 



.•.V23'415612 = 4-839, nearly. 
Hence 4'839 X 3 = 14*517 = the bottom diameter. 
and 4'839 X 5 = 24-195 = the top diameter. 

Otherwise, 
Let » = the top diameter. 

Then bottoiti diameter :x:: 5 :3 

5 X 
And bottom diameter ^ --. 



Ind 



Cs') '-^ 



5 X 
~3~ 



X 4 X '7854 = content in cubic inches. 



X 



•Rub quantity reduced becomes = 17*1043 «* cubic inches. 

But 13 gallons imp. measure = 3604-562 cubic inches. 

.'. 17-1043 a^= 3604-562 

, , 3604-562^ ^_._^, 

fe and or == ^= 210*7401 

171043 

.'. X =V210-7401 = 14-516 inches = the top diameter 

5 X 
And -— - = 24-193 inches = bottom diameter. 
«> 

61. Determine the side of a square inscribed in a regular 
■Qitagon whose side is 5 feet in length. 




'VTc will first inscribe a square in the g\ve\i^^TA.^^Qv^ k.^^\i^^ 
of whose equal sides is 5 feet m \eTv^\\i, "iwxi it^\ ^ssS 

n2 
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draw s f perpendicular and equal to s b. Join ▲ f, cottnf 
the Bide k D in g. Draw g h parallel to b f, h i panlldli 
B B, I K parallel to b f, and join k g : then h i k o ^ bet 
square, a side of which is sought in terms of a k. 

Since H O is parallel to E F, and H i to e B, 
H 6 : E F : : A H : A E : : H I : b b, 
but E F = E B, .'. H G = H I ; and since a E = iii 

Therefore H E =: i b ; also 6 K, and D G being parallel to 1 1 
and D E = b G, therefore E 6 = b K. Hence H E, E 6=)l 
B K each to each, and the angle H E 6 = the angle ib: 
.*. H G =: I K, and the angle E n G = b i K, and H 6, 1 1 1 
parallel; and they have been proved to be equal, /. GK 
equal and parallel to H i ; and the figure H i K G is equilatoi 
but it is also rectangular, because the angle at h is a lit 
angle ; consequently the figure is a square. 

Now in order to find a value of H G, we have the angle e j 
= 108^ Eucl. B, 1. Prop. 32. Cor. I. Also the angle a e i 
equal to the angle A B E :^ 36"; hence 



A E : E B 



: sin. 362 : sin. 72* 

: sin. 36"" : 2 sin. 36 cos. 36 

: 1 : 2 cos. 36° : : 1 : J (1 + Vo) 

.-. E B =: ^ (1 + V5). Put X =: Q U. 

Then AE:EB::AH:ni 

or 1 : i (1 + V5) : : A H : a; 

2 X . 2 X 

.*. A H = 7- , and E H =: 5 



Also £ H : H G 



2 X 



1 +V5' 1 +V5 

: sin. 18° : sin. 108° 
: sin. 18° : sin. 72" 



: i(V5— 1) :i VlO + 2V5 



Or 5 — 7- : X : :V5— 1 :VlO +2V6 

1 + V5 



•AX^-V' 



.«(V5— 1^=^'J^^^'^'^^ — ^•."-^ 
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O r 4 j; = 5V( 10 + 2V5) - (6 -f 2 V5 — 2 W lO -I- 2V5 
= 5V 80 -h 32V5 — • 2 WlO + 2V 5 
.-. 2 a: = 5 V2Q + 8V5 — Wl O + 2^5 
\-. «'|2 + VlO + 2V5} = 10V5 + 2V5 

• And X = 10- ^ ^M ^^^^/^-v - = 5-3025 feet=tht 

2 + (10 + 2V5)i 

vide of the inscribed square. 

62. Take a cubic inch of gold, and beat it into a circular 
plate whose thickness is -^ of an inch. Find the diameter of 
'the circle. 

Let X = the required diameter. 

The circular plate will in fact be a cylinder, whose content is 
1 cubic inch, altitude *02 of an inch, and base diameter = x, 
in inches. 

.-. a? X -7854 X '02 = 1 
or 4;* X -015708 — 1 

••• ^ = ni -L^ = 6302521 
•015708 

And X = V63-02521 = 7-939 inches, the answer. 

63. From a rectangular deal board whose length is 60 inches 
and breadth 30, I wish to cut oS a part whose superficies con- 
tains a square foot, by a line parallel to the shorter edge. I 
then wish to cut oflf the like quantity by a line parallel to the 
longer side : and so on. What will be the dimensions of the 
piece which remains after all these square feet are taken away ? 

Now the first piece which is cut off is a rectangle whose 
breadth is 30 inches, and content = 144 sq. inches ; hence the 
length = W = 4*8 inches. And the dimensions of the re- 
maining piece are 30, 55*2. In the next place we have to cut 
off 144 sq. inches by a line parallel to the longer side; hence 
the breadth = li\ = 2-6086. The dimensions of the re- 
maining piece are 55*2, 27*3914. 

T^e kn^h of the next portion cut oS = ^^^^^ = ^"^'^'^ 



300 MISCBLL1.NBOUS PROBLEMS. 

The dimensions of the remaining part == 49*907, 27-3914 

144 

The breadth of the next portion cat off = Tzr-zrTrii = 2*8858 

*^ 49*907 

The dimensions of the remaining part are 49*907, 24*5061 

144 
The length of the next portion cut off = ^, ^ ' ^^ = 5-876 

^ * 24-5061 I 

The dimensions of the remaining part are 44*031, 24*5061 

144 
The breadth of the next part cut off = tt^^tt, = 3*2704 

^ 44-631 

The dimensions of the remaining part are 44*031, 21*2357 

144 
The length of the next part cut off = = 6*781 

21*2357 

The dimensions of the remaining part are 21*2357, 37*250 

144 
The breadth of the next part cut off = -rzi-^ = 3*8657 

^ 37*25 

The dimensions of the remaining part are 17*37, 37*25 

144 
The length of the next part cut off = = 8*291 

The dimensions of the remaining part are 17*37, 28*959 

144 

The breadth of the next part cut off = -— ;;-= 4*972 

^ 28*959 

The dimensions of the remaining part are 12*398, 28*959 

144 
The length of the next part cut off ^ _ = 1 1*614 

1 J*o9o 

The dimensions of the remaining part are 17*345, 12*398 

144 
The breadth of the next part cut off = =8*3 

The dimensions of the remaining part are 4*098, 17*34; 
and these are the required dimensions ; which being multipli* 
together form a product less than 144 square inches.— 
appears from the process that there will be 12 pieces c 
from the board, and that 72 square inches will remain ; al 
4*098 X 17-345= 71*07981; the difference between whi 
quantity and 72 arising from the fewness of the decin 
places taken in the different quotients. 

64). A gentleman riding round a circular ring in a t^ 

"^^eeled carriage, observe?, XWX. vVve ci.ft-^\v^^Xx«\jL^ round twi 

p* the time in yj\i\c\i \-\ve xvewc-^N\\&^ Xxxt^w-e. ^^-sxs^^ ^ 

if the wheels axe eac\i \ ieeXX^x^V, ^xv^ e^v^v^^x. ^ 'v^^ 
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ing to the statute, what is the circumference of the circle 
-ibed by the outer wheel ? 

le circumf. of each wheel = 3* 1416 X 4=: 12'5664. 

Then if a: ^ diameter of outer circle, 
X — 10 = diameter of inner circle, 

Also 3*1416 X = circumf. of outer circle, 

and 3*1416 {x — 10) = circumf. of inner circle. 

.•.3-1416ar = 31416 (a?— 10) X2 

,\x = (ar— 10) X 2 

Whence a: = 20 ^ diameter of outer circle. 

id 3-1416 X 20 = 62-832 feet = the circumference of the 
I described by the outer wheel. 

l. Determine the area of a circle inscribed in a triangle 
le three sides are 14, 16, and 20 feet. 

14 
16 
20 

Perimeter ==50 
^ Perimeter = 25 

Area = V25 X 1 1,X y X 5 = 15V55 = 111*243 sq. feet. 

Also if a? = radius of the inscribed circle, 

^. (14+16+20) = area = 111-243 

Or 25 a; = 111-243 

111-243 • ,,^ 
.-.0?= — — — = 4-449 
25 

3*1416 = area of a circle to rad. I. 

19*7936= (4-449)2 



1187616 
197936 
791744 

' 197936 

693808 



Area == 62-18357376 €>(\. fe^X.. 



sot 

66. Determine the area of a rarcle described about a triu^ 
whose eides are 14. 16, and 20 feet. . . 

If a perpendicular be drawn from the vertical angle of it 
triangle upon tte aide which is 1 6 feet in length, and aaolba 
perpendicular be drawn from the eeatre of the circamicribed 
circle upon the side whose length is 12 feet, we shall hm lij 
sinular triangles, 

14 ; alt. of ^ : : rad. of circle (*) : 10 
.■.altof^ = l^ 



Andai 



aof ^ = 



140, 



^= 10068 



111-243 

3- 1416 area of a circle to rad. 1. 
101-364 = (10068)* nearly. 

608184 
101364 
405456 

101364 V 

304092 



Area == 318-4451424 sq. feet. 



67. Find the content of the greatest cyhnder which can bi 
inscribed in a prolate spheroid, whose aies are IS and 8 feet, 
the ends of the inscribed solid being perpendicular to the nwyw 




r. A B. ^ a- 
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Then y^ =-5-.(a^ — x^) where o, b are the semi-axes, 
a* 

Or A K«=^(a2— a*) 

.'. the content of the cylinder varies as 

^ (a* — ji;^) X 2 a;, or as (a^ — x^) X a?, which is a maximum. 

Hence a^ d x — ^ x^ d x = 0. 

And X =— 
3 

2 a 
.*. alt. of cylinder ^ — -^ a c 

3 

And the content = at a r^ a c = — -- I a* — -^ I X -r- 

• a£ \ 9y 3 

27 
Where «•= 3*1416 = area of a circle to radius 1. 

If the value of a, h be substituted in the expression — ^ ' 

the actual content of the maximum cylinder = 1 78* 722 cubic feet. 

68. Find the same as in the last Problem supposing the 
spheroid to be oblate, and the ends of the inscribed solid arfe 
parallel to the major axis. 

Here if y = ordinate perpendicular to minor axis, and x = 

abscissa reckoning from the centre, y* = t^" (^* — ^^) > ^^^ ^^^ 

content of the maximum cylinder will be found = . ^ ^ = 
268-083 cubic feet. " 27 

Note. — If the spheroid be prolate or described round major axis, tn« 
sections a c, b d would be ellipses, and the solid a c d b a cylinder with 
elliptic ends ; and the content of the solid would oc area of section a c x 
A B or QC product of the two axes of section a c multiplied by a b. By pro- 
ceeding m this manner we shall find the content of the maximum solid 

16 «• a &2 
A c D B= „ , the spheroid being prolate, which affords the answer t* 

question 68. If the spheroid be oblate or described round o h, the solid 
A c B D is. a common cylinder with a circular base, and the content of it 

when a maximum =: ^-^ — . Also if the spheroid be oblate, the solid 

A c D B would have its ends a b, c d, two eq[ual ellipses, and the content 

9f the solid when a maximum = » 
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69. DetermiDetliecontent of the g^reatest cone that c 
ioacribed in a sphere whose rediua ia 4 feet. 




Let D be the centre of the sphere, and auppose d b 
of the sphere = a, and.j/ := b ■ ^ radius of the con 
Content of cone w b b* X * « 

Qc ((^ — x*) ■ (a + ic) a maximum 
.■• —^xdx (o + a;) + lie (a*— a;*) = 
Or — 3« + <i — a: = 



And this being substituted for x in value of y : 
2V2 
gives y ^ — - — = radius of cone's base. 

Also — - ^ cone's altitude. 



= {^^\ 



.: Content = ir X— (^ x -^ = - 
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= 79*433 cubic feet. 

70. Determine the content of the greatest cone that can be' 

inscribed in a prolate spheroid, whose axes are 13 and 8 fe«l'. 

the base of the inscribed solid being perpendicular to the msjoi 
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If D E = «, and B B = y, 
y = i! (a»_^) 



O' 



.'. content of cone oc (c? — x^) ' (a -\- x) 
Whence a; = - = d e 



And A E = 



4a 



A180be2=^ («'-i) = 



8 62 
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.*. Content of cone = — - — ^'~q~ — — ^1 

And if the value of a and b be restored, we shall find the 
Eictual content ^ 119' 148 cubic feet. 

71. Find the area of the greatest rectangle that can be in- 
icribed in the quadrant of a circle whose radius is 4 feet. 




D A 



Let c D = a?, and c a = a. 
Then d b = (a*— a^)i 

And D B X c D = a? (a* — :r^)i a maximum. 

Or a^ 0^ — a^ is a maximum* 

.-. 2 a' xdx — 4 o;^ cfa:^ = 0. 

,\ X =z -n,= COS. 45^ 
v2 

Hence the following construction; bisect the right angle 

i c G by the straight line c e, and if b d» e f be drawn perpen- 

licular to c a, c o respectively, the rectangle c d e p will be the 

greatest possible. It also" appears that c d e f is a square. — 

The area =a^ = - =r ^® = 8 sq. ieeV. 
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72. Determine the same for the quadrant of an ellipse ill 
major and minor axes are 1 2 and 8 feet. 




D A 



Let A E o be the quadrant of an ellipse whose centre 
and semi-axes c a, c o. Let c n = a?. 



a 



Then d e = y = t (b^— «*)* 

,',y X =:- x{h^ — ic*)i= [U c F b d, a maximum. 

Hence 5* a^ — a?* is a maximum. 

b 



V2 



ah 



,\ xy =: — = area of the maximum rectangle inscrib 

the quadrant a b g ; now a = 6 and 5 = 4. 

.-. ay = 2^* = 12 sq. feet — area required. 

73. Find the area of the least isosceles triangle that c 
described about a circle whose radius is 4 feet. 




Suppose A B c to \)e an \so^c^^%. Xfvaxv^^ ^«asst^^^ ^bo 
'Tcle HUB, wVioae xa^Yxis *\a ^ i^^'^* ^MW»«^ >- ^ 
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Then from the nature of the figure, 

A H = (a;*— 16)4; 

And ah:hp::an:nb 

Or (a*—l6)h : 4 : ; a; + 4 : n b = ^f I^ V ' f 
^ (ar — 16)4 

And the area of the triangle abc qcan'nb 

(a? -f 4)^ 

* (a:-*— 16)4 
ence 2 rf^ (a:+4) • (^-16)4- '^^^^^^^^^' = 

Or 2 (a:^— 16) — a; (a? + 4) == 

Whence a? = 8 = a p. 
A N = A p 4- P N = 12. 

(a? 4- 4) • 4 48 ,-- "*' . 

And area ofAABC = AN-BB = 48 V3. 

It also appears that a h = 4 V3 ; or that the triangle a B • 
equilateral. 



74. Find the content of the greatest cylinder that can be in- 
ribed in a cone whose altitude is 5 feet and base diameter 3 
et 6 inches. 

Let X = cylinder's altitude. 

Then by similar triangles, 
5 : 1*75 : : 5 — x : radius of cylinder's base. 
.-. radius of required cylinder = '33 X (5 — a:) 
.'. content of the cylinder oc (5 — a?)^ X a?, a maximum. 

Hence d x (5 — xy — 2 a? c? a? (5 — x) = 

Or 5 — X — 2ar = 

Or a; = -J = cylinder's altitude. 

nd radius of cylinder' & base = '35 X^ ^^ -^ V\^^^^^ 
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Now (1-1666)* = 1.3609 nearly. 

3.1416 := area of cir. to rad. 1. 



81654 
13609 
54436 
13609 
40827 



4*27540344 = area of cylinder's base. 
5 



3)21-37701720 



Content = 71256724 cubic feet. 



75. Determine the area of the greatest parabola that canlx 
formed by cutting a cone whose base diameter is 2 feet 6 inches, 
and slant height 4 feet. 




Let A B c be the given cone, and b d f the parabola re 
quired. Then since the axis o o of the parabola is parallel U 
A B, the triangles c d g, c a b are similar. For convenience 
let A B = a, c B =r 6 : and suppose b g =i x. 

Then cb: ba:: coigd. 



a 



,2 



Or b : a :: b — x : o n=7^(6 — x). 

Also from the nature of the circle c g ' g B = e g" 
i. ^. E G = {bx — (x^^h, EucUd. B. 6. Prop. 8. 
.'.any, GE Of {h — £) . Q)x — x^Qi ci. ^x^-^^^l^ia-^sJ^.^DF. 
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.'. (h — x) . (bx — «*)4 is a maximum. 

ence — dx {bx—x^)i + ^-^ ^5— (6— a;) = 

^ 2(bx — x^)^ 

.-. —2 (b ar— a*) + (6— 9 «) . (b—x) = • 

,0r — 2X+ b — 2a; = 

_ b 

m » X SIZ "J" 

4 

And G D =— ; B p = - v3 
And the area of the maximum parabola =: f e p*g d = 
X —X -V3 = — V3 = y V3 square feet = 433 
luare feet. 

76. Find the area of the least parabola which can circum- 
iribe a circle, whose radius is 3 feet. 




Let A D N be the parabola circumscribing the given circle 
hose centre is c. 

Suppose B c= r, and c ? =: jt. 
Then p M == (f—3t^)h 

Now p c is the subnormal ; and from the nature of the para- 
)la 4r = ^ principal latus rectum. 

Now if j7 = principal latus rectum, 
p X AP = Mp2 = r*— ^ 

.-. A p = -(r»— :r^) 
P 

nd A B = -(r* — «*) + a; + r = - — (r* — ^) + a; + »• = 
p Sb a; 

(r 4- cpy 
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Also />. A B =r B D^ 

Or B D^ = 2 0?. A B = (r + jp)* 
.'. B D ^ r + a? 

_ (r + x)^ 



And A B X B D = 



8 X 



a minimum. 



.-. 3 (r + a;)M 0? x 2 a? — 2 rf « (r + «)*. 
Or 6a; — 2r — 2ar = 
.-. 4 a? = 2 r 



And a? := -■ =: c p. 
2 



And A B 



= (¥)"*'= 



9jr 
4 



3r 



B D = -jr-, and D N = 3 r. 



.*. A B • N D 



9r 



9r2 



• 3 r = ■— - = %i = 40^ sq. feet 



77. To find that point in the line joining the centres of 
^ven spheres, from which the greatest portion of spherical 
face it visible. 




Let p, o be the centres of the two spheres, and q the pi 
the eye. Then tangents drawn from q to the spheres, wi 
tercept the parts a e b, c f d of the spherical surfaces 
will be visible to the eye at q. Join c d, a b cutting p o 
and M. Then the surface c f d oc rad. X f n ; and » 
A E B ac rad. X E M. 

Let po = A, OAa=R, pc = r, PQ = ar. 

Then the triangles ^ c <i, o^ k Q.\i««i^ Tv^Vvsc^^d at 
we have, q p : p c : : p c ; p ^n. 
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Or « : r : : r : p N = — 

And F N= r = 

Jllso Qo:oA::oA:oM. 



Or A — a?:R::R:oM = 



R« 



« • E M ^^ 11 ' 



A — X 

R* _ R (A X) R* 



A — X ^ — X 

ence the whole visible surface 

. f» J.R* a maximum. 

^ a? A — X 

r^dx ^ dx 



Or!^= ^^ 



And-= "^ 



\* 



«? A — X 

rf A 
.*. «= — J a = QP^ which determines the position of 

ae eye. 

Now the surface c p d = 2 T<r* > 

= visible surface of the lesser sphere. 

And the surface a e b = 2 «* < r« J ^ 

Also. 

C(r«+ r«) • A— 2 (R r)f — (r'+ r^ 
tr D+AEB = 2flr^^— ^^ — I -^ — ^^— ^ ^ 



= ar^a«+r«-ii5l + r!)!^ 



78. If a conical vessel, whose bottom d\«xafc\«t\& ^^ YM3oR»k>afc 
ocliaed to the horizon, so that the a\ixi^ce ^^'^^sklW.w.^^ 



1 
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the upper edge of the base ; how many gallons imperial met- 
sure are there in the vessel, the upper diameter of the vesjd 
being 19 inches ; and the altitude of the frustum 18 inches? 

Here the vessel is a conical frustum, whose bottom and top 
diameters are 30 and 1 9 inches respectively ; and altitude 18 
inches. 

__ a'— 3 (a ^y AT Ag 

A-a • 3 

Here A = 30, a = 19, a = 18, at = -7854 



.*. content = 



cubic inches. 



A a = 570 and Va^ = 23-8747 

19 



' .-. A^ 
And A — a 





2148723 
238747 


a VAa 

A« 


= 453*6193 
= 900 


VAa 
11 


= 446-3807 




11)446-3807 




40-68006 
30 




1217-40180 
18: 




97392144 
12174018 




21913-2324 
•2618 



= A 



— ^ 



1753058592 
219132324 
1314793944 



2;77«^7t)^1^^%^ViVia?i^5Si'^'^ ^gS^^^^ 
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X 

And F N = r = 

X A 

■■^ ^o:QA.::aA.:OM. 



^ A — -a: : a. : : a : om = 



m* 



A — « 



A — X A — * 

^c the whole visible snr&ce 

;" '■^ -I- a^ a maTTTinim. 

X A — X 

^ (A-*/ 
Or !f =_ ^ 



*- (A-x/ 
* A 






ii^ = ,Fi which detename* tlw poMtiMl 
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6394-338 

19 = a 



57549042 
639433S 
p. ■ — 
11)121492-422 

11044-765 
•2618 

88358120 
11044765 
66268590 
22089530 



277-274)289I-5194770(10-428 galls, answer req 
277274 



1187794 
1109096 

786987 
554548 

2324397 
2218192 

106205 

The vessel when full holds 31*118 gallons, imperial r 

80. If a cone be cut by a plane which passes thro 
edge of the base, the upper part of the cone : whole 
d| : Af ; where 3 and A are the top and bottom dian 
the frustum. Required proof. 

Let A = the altitude of the cone. 

a =r the altitude of the frustum. 
Then by simil. A^. a : A : : a : A — d, 
, A a 
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Also|A- — 3Va5J.- IT^^ content of the lower ungula. 

And ^ ^ A A-== content of whole cone. 
. :J^A A-— J^AlA^-aVAd} = J^A a Va5 = the top 
part of the cone. 

And therefore this top part : whole cone : : J ^ a 3 Va 3 : 
^ 9r A A* : : a J : A|. Q. E. D. 

Cor. sq. of whole cone : sq. of top part : : A^ : 5^. 
81. Having given the area of an hyperbola = 4 xy |^. — 
la; 1 oc' 1 x^ 



1-3-5 ' 2a-^x 3-5-7 ' (2a-{-xy 5-7-9 ' (2 a+a?)^ 
&c. I where x is the abscissa reckoning from the vertex, and y 
= corresponding ordinate ; it is required to show that if the 
abscissa x be increased without limit, the area of the hyperbola 
becomes ultimately equal to the area of a triangle whose base 
is 2 y and altitude x. 

_ CI 1 X 1 a^ 

Area _ 4 ^ yj^— j.g.^ ' 2 a + x~ 3'o'7 ' {2a + x)^ 

— &c.^ 

Let X become greater than any assignable magnitude, then 

X X X X 

zr = - = 1 ; and j^ ; r5 = -^ = 1 , &C. 

^ a-\- X X (2 a + xy a^ 

•■• ^--^^ = ^ *^ {^ - rk - FF7 - ^''- ^^ '"^j 

Now the sum of n terms of .—r-r + -r-r-^ + &c. = 

1-3-5 3-5-7 

1 1 



12 4-(2 « + 1) (2 « + 3) 

And this when n is infinitely great, becomes = -- 

1 a 

.'. Area of the hyperbola =: ^ x 9/\ — ->=:a?y=: 

-J. a; X 2 y = area of a rectilineal triangle whose altitude is x, 
^nd base 2 y. 

82. Required the content of a .tu\) s\i«^e^ \^^ ^^ '^^'^^'^ 
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of a cone ) supposing the top to be 60, the diagonal 66. 
the length of a stave 30 inches. 

If a straight line be drawn from the edge of the base per- 
pendicular to the top diameter, we have 60: 66 + 30:: 
66 — 30 : difference of segments of top diameter. • 

.'. diff. of those segments ^ — = 57'6=botdiam. 

and h diff. of segments = 28'8 
i sum of segments = 30* 
••. lesser segment = 1*2 



And^. of the tub = V30*— (rSf = V900— 1*44 = 
V898-56 = 29*976. , 

60^ (b7'G^^ ^ 

Hence content of the tub = -— -— \-_rZ- x 9-992 X 7854 

60 — 57*6 

cubic inches. 

24897*024 
= ~ X 7-8477168 = 24897-024 X 3-26988. 

= 81411*2808 cubic inches = 293-61 imperial gallons. 
83. A circle is inscribed in a triangle whose three side 
A B, A c, B Cr are 13, 14, 15 feet respectively; and the 
triangle is divided into three equal parts by lines drawn panlW 
to AC; it is required to find the areas of the three portions 
of the inscribed circle. 

13 
14 
15 

Perimeter = 42 
^ ditto = 21 

.-. area of triangle = V21 X 8 X 7 X 6 = 84 sq. feet 




Y \ 
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A C 

And area also = b p . — - =:7bp.'. bp = 12 = perpen- 

ilicular altitude of the triangle. If the centre of the circle 
^rere found, and radii drawn to the points in which the sides of 
:lie triangle touch the circle, it will appear that area of the 

ran 

:niangle==: Jab + bc + ac| .— -^ =84. 

rad 
Or 42 . — ^ =: 84 .*. radius = 4, and the diameter of the 

LTiscribed circle = 8 feet. 

Now the triangles b p g, b e d, b a c, are similar, hence 
Zibfg: Z^bac::bo^::bp^ 
Or 1 :3 :: Bo^: 122 

.-. BO = -7-==4V3 
v3 

And Zibpg:Z^bbd::bo*:bq' 
Or 1: 2 : : 48 : BQ* = 96 

.-.BQ =V96=4V6 
. Hence bp — bq= 12 — 4V6 = p q = b i. 
And BP — Bo= 12 — 4 V3 = o p = s i. 
And I H — I s = 4V3 — 4 = s h. 

We have now found two versed sines h s, i r = 4V3 — 4, 
12 — 4 V 6 respectively ; 



4V3 — 4 
And = -3660254 

12— 4V6 „^, *^^, \ 
Also =2752551 I 



The corresponding 
tab. vers, sines. 



Tab. area corr. to '3660254 is -2603444 
Tab. area corr. to -2752551 is -1757798 



Sum = -4361242 
Area of circle to diameter 1 = -7853981 



Area of the zone (diam. being 1) = -3492739 



Hence 8^^ X -2603444 = 16-662047 = area of seg. ki 
8* X '1757798 = 11-249909 = «x^«. cS. ^^%. ^ 
8' X '3492789 = 8a*3&3D%o = «x^«». oii-wifc^^ 



L. 
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84. Two sides, a b, b c of a trapezium at right angles to one 
another are 6*5 and 15*6 feet respectively; also the other two 
sides are 1 2 and : find the area of the trapezium. 



A b2 -h B c2 — V(6-5)^ + (15-6/ = 16-9 = A c. 
Hence we have two triangles; one right angled at b; 
the other triangle an oblique' angled one. The perimeter of 
the latter = 37-9 ; 



And its area=jV37'9 X 4'1 x 13-9 X 19-9 = JV42982-4379 
= 51 '8305 sq. feet. Also the area of the right angled triangle 
= ^ X 6 5 X 15*6 = 50' 7, consequently the area of thetra- 
pezfum = 102-5305. 



85. If A be the vertex of a parabola, p any point in the 
curve, and s the focal distance ; the area asp =a* \ — + <( 
where a = s p, and t = tangent of ^ angle asp. 




T A 8 N 



Draw p T a tangent at p, also let p n and s y be perpendicu- 
lar to A N and p T respectively* Join a y, which will be par- 
allel to p N from the nature of the parabola. 

Now s A : A Y : : 1 : t 

.\ A Y = a t and v n = 2 a t 
Also ta:ay::ay:as 

Or T A : a t *. *. a t •. a \ \ t \ \ 

.*. T A or A N =1 at* 

and s N = a I*— a = a V*— \\ 
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The area asp=:anp — snp 



= |-AN'NP ^SN- NP 



= -|x-l 



86. There is a piece of timber round and tapering hke the 
frustum of a cone ; its top and bottom diameters are 40 and 
50 inches, and its altitude 6 feet : required the contents of the 
two hoofs into which it is divided by a plane passing through 
the extremity of the lesser diameter, and drawn parallel to the 
side of the timber. 



In this question we have the frustum of a cone divided by a 
plane parallel to a side of the cone ; hence the content of the 

lesser hoof = [—-- ^^ ^^ - ^^^^I'l 

Here ^ = 50, 3 = 40, a = '6 feet = 72 inches. 
AJso A = circular area whose ver. sin. = 10 to diameter 50. 
Now IS^ = -2 • 
And tab. area corr. to -3 is -111823 

2500 = 50 



55911500 
223646 



.-. A = 279-5575 

50 = ^ 



A— .3= 10)13977-8750 



1397*7875 = A a 



Again a — ^ = 10 
a= 40 
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53-3333 = — 
3 

— {^(A— a)U 1066.6660 
3 1397-7875 



331-1215 ^ 

24 =- 
3 



13244860 
6622430 



7946*91 60 cubic inches^ 
content of lesser ungula. Also, content of the whole piece of 

. ^ A^— d-** a ^ , 503—40*72 ^„,, 

timber = ^=—~^^ -X -7854 = ,,, .^ — X '^^^^ 
A — 3 3 oO — 40 3 

= (5'--4») X 100 X 24 X -7854 = 166400 X '7854. 

166400 

•7854 



665600 
8320 
13312 
11648 

130690-5600 
7946-916 

122743-644 = solidity of the greater, or 

complemental hoof. 

87. A tankard in the form of a cylinder whose diameter is 
4 inches, and altitude 6 inches, being filled with negus worth 
1 8rf., is offered to a, who drings till he can see the centre of 
the tankard's base, and then gives the remainder to b. Fiud 
what part of the 1 8d. ought to be paid by a for the share of 
negus which he drank. 

In this example we \\ave \.o ^iv^ \)tia caviXsxsX. ^i ^ cvlindrical 
unguJa, when the sectioii ^j^^sa^«.\)Mo^x^^i)sv^^^\3^x^^^•^^\RB^ 
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Now in general the content = |f pn^ — area of base X cos 

arc B p|. — (See Case III. of cylindrical ungulas, in the Mis 

cellaneous Problems given in the Appendix to the Mensura 
tion.) 

In this case the arc b p = 90° .*. its cosine = ; also b 2 

= PN. 

.-. the content = fPN*XQB=: f X — ^X Q B = -J- a b 

Q B = content of the liquor left by a. Also ^ • a b ? Q b = 
content of the whole tankard ; therefore 

The whole : less share ::flr-AB?QB:^AB?QB:: '7S54t : 

: : 4-7124 : 

That is 18 pence : less share :: 4*7124 : 1. 

18 
Hence a must pay ..^ . q . pence, or 3 Jrf. ; and A must pa 

88. There is a punch-bowl in the form of the segment of 
prolate spheroid, whose axes are as 3 to 4 ; the depth of th 
bowl is one-fourth of the whole transverse axes, and the diamete 
of its top 20 inches. It is required to determine what numbe 
of rounds a company of 10 men may drink out of it, whe 
filled with liquor ; the men using conical glasses, the depth an 
top diameter of each being 2 and l^ inches respectively. 

Now if we take a spheroid whose axes are 3 and 4, and ci 
off from it a segment whose altitude is I , this segment will t 
similar to the punch-bowl. And, by the nature of the ellipse 
4 : 3 : :V (4 — 1) X 1 : radius of the segment's base. 
.'. #V 3 = diameter of the segment's base. 

And the content of this segment = -J (12—2) X 1* X -523 

= If X •5236=2-94525 
Now similar solids are as the cubes of their like dimensions, 
.-. (fVS)' : 20' : : 2- 94525 : content of the punch-bowl. 

And the content = ■ , .^ X ^'^^^1^ 

81V3 
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3 Lo. 20 = 3-9030900 

Log. 8 = -9030900 

Log. 2-94525 = '4691223 



Log. numerator = 5*2753023 

. Log. 81 = 1-9084850 

i Log. 3 = -2385606 



Log. denom. = 2-1470456 

Log. content = 1343*55 3-1282667 

Also -7854 X (if X f = '7854 X f = content of one 
^lass, 

And the quantity drunk at each round = -7854 X 15 = 
11-781. 

1343 55 

.-. the number of rounds required =: -4 — --r- = 114'04. 

^ 11-781 

89. How many gallons, imperial measure, are contained in 
a cask composed of two equal frustums of a paraboloid ; the 
length of the cask being 45 inches, the bung diameter 40, and 
the head diameter 20 inches } 

Now the content of a parabolic frustum whose diameters are 
A, 5, and altitude a, = i A*+3*|--^, where <r = 3*14159, &c. 

o 

In this example, A = 40, 3 = 20, a = 22J 
.-. content of one frustum = |40^ + 20*} x '3927 X 2*2^ 
And the content of the cask = 140* + 20*| x -3927 X 45' 

z= 785-4 X 45 = 35343 cubic inches. 

And— -^— = 127-1 imperial galls. 

90. A party of thirty gentlemen sat down to drink a bowl of 
punch, and used glasses in shape of paraboloids ; it is required 
to determine the number of bumpers each gentleman may drink, 
supposing the bowl to be a segment of an oblate spheroid whose 
axes are 50 and 30 inches respectively, and altitude 6 inches; 
also the altitude and top d\wxi^X«t cA wi^ ^1 llaa glasses to be 
> and 2^ inches respectvv€W. 
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3-23 



The content of the segment is found by Problem XIX. in 
the Mensuration. Here the spheroid is oblat«, the fixed axis is 
30 and the revolving axis 50, therefore 



50 



8 



The content =-^ J 90—12} X 6* X -5336 



30^ 
= ^ X 78 X 62 X 



5236 



= 25 X 26 X 12 X -5236 
= 4084'08 cubic inches. 

And the content of a glass = '7854 X (2*5)2 X f 

= -7854 X 6-25 X 1^5 
= 7*36312 cubic inches. 
4084*08 
' • 220*8936 ~ ^^^ bumpers for each person. 

91. Find the area of the greatest rectangle that can be in- 
scribed in the segment of a circle whose radius is 50 inches ; 
the chord of the segment being 60 inches. 



I 


'^ — 


— ->vB 


.X 


\ D 


^ 


M 

N 


\ 


< 
C 





Q 



Let c be the centre of the given segment a p b q whose 
chord is a q. Suppose any point m be taken in a q, and that 
p M is drawn perpendicular to a d, and being produced meets 
c N at right angles in m. Join c p ; and complete the rectangle 

p B G M. 

Let PM = a?, cp=rr, CD = a, and a d = ^, 

Then d m =: c n = |r* — (« -|- dfY 
Now the area pmgbsspuX^s^'^ ^"sA « ^ -wl ":^ -^.^A^s^ 
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.-. X ' \r^ — (x -I- <iy\h is a maximiiin. 

Or ai^ \r^ — (x -\- a)^J is a maximum.' 
,'^2 xdx \t^—(x -i- ay\'—2al^ dx (x -{- a) =:0. 

Or r^ — (a; + a)2 — a; (a: + «) = 

,-. e. r2 — 2a;2 — 3 aa; — «« = 

Whence 2a^ + 3aa?=:r^ — a* 

, - 3 a r^ — ft' 

■and JT* -4- — . X =: — - — 
^2 2 

3 a 9 a* __ a' + 8 r« _ 9f^ — l^ 

'''^'^IT''' '^ Te" 16 ~ 16 

and X = -^^ — = p M. 

4 

Also 2cN = 2DM = MG = 2|r* — (a; + a)*li 

— ^ « _ 9 r»— 6^+ 2a V9 r»— 6' +«' [ 

^ 8 r' — 2 g V9 r' — 6^-- 2 a^ U 
= ^2 r» — g (V9 r^ — 6* + a)p 
.*. area of rectangle p m g b 



V9 7^—6*— 3 a ,^ , a 



.|2r«— ^ (V9r*— 6' + a)}i 



B ut r=50, &= 30, a= Vr^— 6' =V 2500— 900 == V 1600=40. 
V9 r' — ^2 _. V22500 -^ 900 = V2 1 600 = 1 47, very nearly. 

/. Ar ea of t he maximum rectangle = Y J 5000 — 20x 167Ji 
= V V1660 = 275-015 square inches. 



92. Inscribe a square m a ^n^xv ^^TKtfi\xdft vrhose radius is 
1 ^not, and find the area oi\W\. s»q^^^» 
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Let AGE B be the given semicircle, whose centre is o and 
diameter a b. Draw b d perpendicular and equal to a b. Join 
o D cutting the circle in e ; then if e f be drawn perpendicular 
to A b, and E g, and o h respectively parallel to a b, £ f, the 
figure E G H F will be a square. 

For by similar triangles 

db:bo::Ef:fo 
And by construction d b = 2 b o, 

.*. ef = 2fo = fh = eg 
Consequently the f gure e g h f is equilateral ; but £ f h is 
a right angle, .*. the figure is rectangular ; and it has been 
proved to be equilateral, therefore it is a square. 

Now o F : f E : : 1 : 2 



o F 



Or 



F E 
O £ 



8 — T 
E F" 



1 
4 



E F* 
.*. 4 O £* = 5 E F* 

And E F* =: f o E^ = 1^, since o E = 1, 

i. e. area of the square = |^ == "8 of a square foot 
= 115*2 square inches. 



93. On the two halves of the diameter of a semicircle let 
two equal circles be described, and in the curvilinear space let 
another circle be inscribed, it is required to determine the area 
of this last mentioned circle, supposing the d\^\£i&\.<^x ^\*CGk& ^ct^oi. 
Bemicircie to be 60 inches* 
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JB 



Let A B be the given diameter whose middle point is h. Or 
A H, H B describe two circles, and in the remaining cunrilineai 
space describe the circle c d k, touching the two former circles. 
From H draw H c perpendicular to a b, and h c will pass 
through the centre p of the circle c d o b. Take p and R'tbe 
centres of the circles G d k, a q H, then v Q will pass through 
the centre point of contact o. (Euclid B. 3. Prop. 12.) 
Now Q p, p G = H p* Euclid B. 3. Prop. 37. 

.'. pg:ph::ph:pq 
And po:pH::PG-f ph:ph -f pq 

::hc:ph -\- pg + gq 
: : H c : A c + H c 
: : 1 : 2 
.*. p G ; cH :: 1 : 3 
2 p G : c H : : 2 : 3 
Or2pG = |.cH=| X 30 = 20 inches = diameter of 
the circle c d g k. 

•7854 = area of circle to diam. 1. 
400 = 20' 



Area of circle c d g e = 3 14* 1600 square inches. 



94. Supposing the diameter of the semicircle to be 60 inches, 
as in the last problem, and to be divided in the point n into 
two parts which are to one another as 3 to 2 ; then if circles 
be described on these two parts, and a perpendicular drawn from 
H, it is required to show that the circles described in the curvi- 
linear space, one on each s\de oi llaa ^^t^eudicular, will be equal 
to each other ; also detexumi^ \^^ «x^^ oi o.^^ ^\'^<s«s.. 
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Let A B be the given diameter whose length is 60 inches, and 
'Xippose A H : H B : : 3 : 2. 

.*. AH = 36 inches, and h b = 24 inches. 

On A B describe the semicircle a f i b, and on a h, h b, de- 
icribe semicircles. From H draw h d perpendicular to a b, 
tnd on each side of h d let a circle be described touching the 
Derpendicular and each of the semicircles a o h, a f b. 

Suppose one of these circles to touch the perpendicular in Q» 
ind the semicircles in p, g. Draw the diameter Q b parallel to 
k. B, and join f e, e a, then fe a will be a straight line. Pro- 
duce A F to meet the perpendicular in d. Join f q, Q b, and 
p Q b will be a straight line, and the angle at f will be a right 
single. Join b g, g h, q g, g a, then will b h, q a, be straight 
ines. Produce a q to i, and join b i which will form the right 
angle b i a, also B i produced will pass through d; for since the 
perpendiculars from the angles upon the sides of a triangle meet 
in a point, therefore conversely, if the perpendiculars meet in a 
point as q, the lines a b, b d, d a, will form a triangle. Now 
the right angle a g h = a i b, 

Therefore ad:de::ab:bh 

Also AD :de :: ah : eq 

.*. AB : BH :: AH : eq 

In a similar manner it may be proved that 

ab;ah::bh:kl 
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Now since ab:bh::ah:bQ 

.-. 60 : 94 : : 36 : B Q = 14-4 inches. 

'7854 r= area of a cir. to diam. 1 
207-36 = (14-4)* 

82944 
103680 
165888 
14515S 



162*860544 = area of the circle f eg q. or kl. 



95. A wheel in 36 revolutions passes over 29 yards ; and in 
X of these revolutions describes z yards, y feet, 5 inches : find 
the values of x^ y, and z. 

Since the whole passes over 29 yards in 36 revolutions, 

29 
therefore it passes over — yards in one revolution, and there- 

36 

29 X 
fore passes over -— - yards in x revolutions ; hence by the con- 
dition of the problem 

yds. ft, in. 
29 a? 

l6"= ^ + 2^ + ^ 

yds. yds. yds. 
y 5 

^ 3 ^ 36 
Or29:r = 36^+ 12y + 5 
29 a?— 36 2r — 5 

^ 12 

^ ^ 5 X — 5 

= 2a; — 3^ + — -^ — 

5 X 5 

And since y is supposed to be an integer, — -— ^ is an integer 

a;— 1 . 
And therefore — r^ is an integer. 

Assume — — -— ■=. p . 
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.'. X =z 12p+ 1 
X 1 

0, J? = I , but — — — is not an integer as it ought to be. 

1, a; =. 13, the least integral value of a;. 

Now 29 a; = 36 -sr -I- 12 y + 5 
Or 377 = 36 ^ -I- I2y 4 5 
.*. 36 ^ + 12y = 372 
Or 3 ^ + y = 31 

ax.dz=li=^=10 + i-7^ 

1 — y . 

' .*. — — ^ IS an integer. 

Assume *- = g 

3 ^ 

and y = 1 — 3 q 

= 0, y = 1, and r = 10; hence the least integral 
F «, y, and z, are 13. 1, 10. Another set of values 
)uiid to be 25, 3, 19, &c., &c. 

if the wheel passes over 29 yards in 36 revolutions, it 
over 10 yds. -|- 1 ft. + 5 in. in 13 revolutions; and 
fds. + 3 ft. + 5 in. in 25 revolutions, &c. &c. 

tere are two regular polygons, and one of them has 
nany sides as the other ; also each of the interior angles 
It polygon is greater than each of the interior angles 
cond ^polygon in the ratio of 4 to 3 ; determine the 
aides belonging to each figure. 

the number of sides belonging to one polygon. 

at 

jr. =» the number of sides belonging to the other. 

all the interior angles of any rectililineal figure, 

fimr right angles, are equal to twice as many 

figure has sides. Euc. B. 1 Pr. 32. Cor. 1. 

int. angles + 360^ = 180 a; 

180 a? — 360 
nor angle =■ 

the polygon having - ^\^^<&, 
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X 

- X int. angles + 360* = 90 a? 

, 180 a? — 720 
.*. one int. angle = 

X 

But the question says that the former interior angle is to die 
latter as 4 : 3 ; 

180 a:— 360 180 a:— 720 , « 

• • • ••^•O 

X X 

Or 540 a: — 1080 = 720 a:— 2^880 
Whence a: r= 10 = the number of sides belonging to the 

X 

first polygon ; and — = 5 = the number of sides belonging 

to the second ; therefore the two polygons are a decagon and 
a pentagon. 

97. If the alternate angles of a given equilateral and equian- 
gular pentagon be joined, there will be formed a small equilateral 
and equiangular pentagon. It is required to determine its area, 
supposing a side of the given pentagon be equal to 5 feet. 



I 




P c 



Let A B c D E be the given equilateral and equiangular pen- 
tagoii. Join a c, b d, c e, d a, e b, which will cut one another 
in a, b, c, d, e, and form the figure abode. 

Now since the side a e = the side b c, the arc a e = arc 
B c (supposing a circle to be described round the pentagon), 
hence a b is parallel to c E ; for the same reason A E is parallel 
to B D, and the figure a b c e is a parallelogram ; whence a e 
= B c, and A B = E c, but A E =^ a B, .*. B c = E c, and 
each is equal to a side of the pentagon. The same may be 
proved with regard to a 6, b e, d e. 

Again, since the angle d o c = the angle d b c = b d c, 
therefore the triangles d c c, d b c are similar : hence 
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OrBD:BC::flc:DC, 
:bat is, the point c divides b d ia extreme and mean ratiu. 
[t appears from this, that BC^6 d^c d=c e^^a^p 6=810. 
,', bc^cd = de^ea^a 6, and the figured b cd e'la 
an equilateral and therefore an equiangular pentagon. 
Draw B P perpendicul«r to n c produced in p. 
Then DB^=:nt' + cB*+ 2dccP 
but c B : c p :: 1 : coa- a c p 



db' = dc' + cb'+ 2dc-cB. 
= 5' + 5* + 50. Cos. 72* 
= 60{1 + COS. 7a°i = V- 

-■ -V5H 



-|"V 



and b c ^ b D — uc 

.*. area of given pentagon: area of a bed e l : 5' : 5' x ('389)* 

: : 1 : -145994 

Or 25 X 1-720477 : areaofa Acrfe :: 1 : ■145924 

.-. area of pentagon a b c d e ^ 6.2764 equare feet. 

98. It is required to determine the area of the section of any 

spheroid, formed by a plane passing through the extremities of 

the two axes, whose lengths are 80 and 60 inches respectively. 
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Let A B, H D be the major aDcL minor axes of the spberoii 
which we will first suppose to be prolate. AndletAQDkj 
the section passing through the extremities of the axes. Joii 
A D which will be the major axis of the section ▲ q d. Thnn^ 
p the middle point in a n draw e p p perpendicular to a b. 



Then a d = (a c^ + c D')i = V2500 = 50. 
Also B G • G A : G F* : : A c* : : c D« 
or A c* — c G* : G F* : : A c' : c D* 



CD» 



.•.GP'= glX (aC*— CG*) 

A Cr 

= — X (AC«_iAC*)=:f Cd2 



AC 



S 



Also since the solid is generated roiind the major axis a b, 
any section perpendicular to a b will be a circle. Let ep be I 
the diameter of a section perpendicular to a b, and cutting tie 
ellipse A Q D in q, then 2 p q will be the minor axis of the sec- 
tion A Q D. 



Now 2 p Q = 2Ve p • pp 



:= 2 Vg P^ — G Pa 
= 2 (f CD*— Jcd> = cdV3 
Hence ad x 2 qp X '7854 = 50 X 30V2 X -7854 

z= 1500 X -7854 X VS 
= 15 X 78-54 X 1-41421 
= 1178-1 X 1-41421 
= 1666-08 square inches tk 
area of the section b Q d ; the given spheroid being prolate, or 
generated round the major axis. 

If the spheroid be oblate, or generated round the minor axis, 
it will be found that the minor axis of the section a q d is equil 
to A cV2 = 40V2, therefore the area 

= ADX 2pqX '7854 
= 50 X 40 V2 X -7854 
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99. The axes of a prolate spheroid are 50 and 40 inches ; 
1^.' find the number of square feet in its surface. Also, the aies 
'''being the same, find the surface of the oblate spheroid. 

In the Appendi? to the Mensuration, it is shown at p. 325, 
Sh that the surface = 4 ir a b <l — — > nearly; where a = semi- 

major axis, b = semi-minor axis, e* r= — andflr:=3'1416. 



a^ 



«- L cr. 2 25^—20* 225 9 
Herea = 2o,J = 20,E^ = -^^=- = -; 

.-..Surface required = 50 X 40 X 3*1416 X .9380*8 

= 2000 X 3.1416 X -93809 
= 6283-2 X -93809=: 5894-207088 sq. inches. 

With regard to the oblate spheroid, the surface = 4 ^ a d 
< 1 + — ( nearly, where e* =—^72 — ; which by substitu- 
tion becomes 50 X 40 X 3-1416Vl + ~ = 6283-2 X 

^ 16 

Vi? = 6283-2 X 1-089725 = 6846-96012 square inches. 
16 

Note. — ^The expressions A tr a b\ — i ^ are merely approximations to 



"irii 



the value of the peries which express the true s-urfaces ; and extend to two terms 
only of such series; hence the approximations are not very accurate. 

The following expressions will give the surfaces more nearly than those 
which we have adopted above: but since they are rather tedious in their ap- 
plication, and in practice it rarely happening that great accuracy is required, 
the expressions will be merely mentioned. 

For the prolate spheroid. 

27 C / E^\ 4 / E^\ 
The surface =—- X 4flra b^ \^1— 3 ) —g \^ ^ ) — 

27 V 6 40^ 5 
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For the oblate spheroid. 
The surface =y X 4,vab^ (l +|!) ^— 1 (l+'^] 

8 
27 



(-H4)}- 



a2 — 52 
In the former expression e^ = ^— ; and in the lal 



a' 



E' =- 



a2 



b^ 

If these expressions were used in the solution of theprol 
we should find the surface of the prolate spheroid === 5882"8 
nearly, and the surface of the oblate spheroid = 6831' 
nearly. 



THE END. 
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